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Abstract The aim of this paper is mainly to build a new representation-theoretic realization of finite
root systems through the so-called Frobenius-type triangular matrix algebras by the method of reflection
functors over any field. Finally, we give an analog of APR-tilting module for this class of algebras.
The major conclusions contains the known results as special cases, e.g., that for path algebras over
an algebraically closed field and for path algebras with relations from symmetrizable cartan matrices.
Meanwhile, it means the corresponding results for some other important classes of algebras, that is,
the path algebras of quivers over Frobenius algebras and the generalized path algebras endowed by
Frobenius algebras at vertices.
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1 Introduction and Preliminaries

Let @ be a finite connected acyclic quiver, and let H = kQ be the path algebra of Q for an
algebraically closed field k. Gabriel showed that the quiver @ is representation-finite if and only
if @ is a Dynkin quiver of type A, Dy, Fs, E7, Eg in [8]. In this case, there is a bijection between
the isomorphism classes of indecomposable representations of () and the set of positive roots
of the corresponding simple complex Lie algebra. Bernstein et al. introduced the machinery of
Coxeter functors, which are defined as compositions of reflection functors, to give an elegant
proof of Gabriel’s theorem in [5]. Gabriel also showed that there are functorial isomorphisms
SC*(—) = 7%(~) in [9], where S is a twist functor, C* are the Coxeter functors and 7(—)
is the Auslander—Reiten translation. Auslander et al. showed that there exists an H-module
T satisfying the functorial isomorphisms F; ,;t(—) = Hompy (7, —) in [4] for the BGP-reflection
functors F, ,;t and the APR-tilting module T'.

Some of these results have been developed to valued graphs or k-species by Dlab and Ringel
for a field k, see [6, 7, 18]. Moreover, in [10], for any field k, Geiss et al. generalized them to
a class of 1-Gorenstein algebras A, which were defined via quivers with relations associated to

symmetrizable Cartan matrices, as follows.
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Let C = (¢;j) € M,(Z) be a symmetrizable generalized Cartan matrix with a symmetrizer
D = diag(cy,...,¢,). For all ¢;; < 0, write that g;; = |ged(cij, ¢ji)ls fij = |cijl/gij, kij =
ged(e, ¢j).

An orientation of C'is a subset Q C {1,2,...,n} x{1,2,...,n} such that the following hold:

(i) {(i,7),(4,1)} NQ # 0 if and only if ¢;; < 0;

(ii) For each sequence ((i1,1%2), (i2,%3), ..., (i,4¢+1)) with ¢ > 1 and (is,9541) € Q for all
1 < s <t wehave i1 # i;11.

For an orientation Q of C, let Q := Q(C, Q) := (Qo, @1, s,t) be the quiver with the set of
vertices Qo := {1,...,n} and the set of arrows

Qri={a 1 j—il(i,j) € Q1< g < gij}U{es i — il <i <.
For a quiver @ = Q(C,Q) and a symmetrizer D = diag(cy,...,c,) of C, let
A=A(C,D,Q):=kQ/I, (1.1)

where kQ is the path algebra of @), and I is the ideal of kQ defined by the following relations:

(i) For each ¢, we have the nilpotency relation &;* = 0.

(ii) For each (7,7) € Q and each 1 < g < g;;, we have the commutativity relation Efjiaz(»?) =
a%’ )E;-cij .

It was proved in [10] that the algebra A, given in (1.1) is 1-Gorenstein.

The aim of this paper is to give a larger class of 1-Gorenstein algebras in which the important
conclusions about representation theory still hold. More specifically, using of the dual basis
lemma and the method of reflection functors which developed by Gabriel et al., we will build a
new representation-theoretic realization of finite root systems through Frobenius-type triangular
matrix algebras.

In the sequel, the ground field k is always permitted to be any field.

For n > 2, define a triangular matriz algebra T’ of order n satisfying

A1 A12 . Aln
0 Ay ... Ay,
r= :

where each A, is an algebra and A;; an A;-A;-bimodule with bimodule maps p;;; : Ay ®a4, Ai; —
A;j such that the following diagram commutes:

Rilj®ida,

Ayl ®@a, Ay @4, Ajt Aij ®a,; Aje
idAil®HljtJ/ luut
Hilt
Ay ®@a, Au — Air

for 1 <i << j<t<mn, whose multiplication is given by (AB);; = Zi<l<j wit;(ay ® by;) for
A = (aij)nxn, B = (bij)nxn € T, where (AB);; means the (i, j)-entry of AB.
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A representation X of I is defined as a datum

X1

X
" ij

with ¢i;: Aij; ®a; X; — X; an A;-module morphism for 1 <4 < j < n so that it satisfies the
following commutative diagram:

Hijq®idx,

Aij ®Aj qu ®Aq Xq Aiq ®Aq Xq

idAij®¢le l‘z’i‘l
Aij ®a; X L N X;.

A morphism f from a representation X to another representation Y is defined as a datum
(fi;1 <4 < n), where f; : X; — Y; is an A;-map such that f;¢;; = ¢i;(ida, ; ® f;) for each
1<i<j<n.

Then we obtain the representation category of T, denoted as Rep(T).

Recall that a finite dimensional algebra A is said to be a Frobenius algebra if there exists

an isomorphism of left modules 4 A 2 D(A4), where D := Homy(—, k). See [17].
Definition 1.1 For each i = 1,...,n, let A; be a Frobenius algebra with unit e;. For each
1 <i<j<n,let By be an A;-Aj-bimodule such that Byj; is a free left A;-module and free
right Aj-module of finite rank respectively. Suppose there are A;-Aj-bimodule isomorphisms
Homag, (Bij, A;) = Homa, (Bij, Aj) for all 1 <i < j<n. Let

Aij = @{;871 Bicki<ho<--<ki<j Biky @4y, Bk, ® - ®a,, Br; (1.2)

for1 <i < j<mn, wherel =0 means the direct summand B;;.

Define a triangular matriz algebra

A1 A12 e Aln
0 Ay ... Ay,
A =

which is called a Frobenius-type triangular matrix algebra, if it satisfies (1.2) with bimodule
maps fijq : Aij @a,; Ajq — Aiq are the natural inclusion maps.

The algebra A = A(C,D,Q) = kQ/I in (1.1) from [10] is indeed a Frobenius-type triangular
matrix algebra. To see this, one needs only to re-order vertexes by i < j if (i,7) € Q and take
A; = e;Aey, By = AiSpank(a%’)\l < g < gi;)A;. It is easy to see that such A satisfies the
condition of Frobenius-type triangular matrix algebra in Definition 1.1.

Following this fact, in this paper the major results on Frobenius-type triangular matrix
algebras are the improvement of the corresponding ones in [10]. For convenience, in the sequel,
we will always assume A; to be finite dimensional for all ¢ = 1,...,n.
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Remark 1.2 (i) In Definition 1.1, if each A; is only a finite dimensional algebra, and the
condition Homa, (Bjj, A;) = Homx, (B;j;, A;) is replaced by that Hom 4, (B;j, A;) is a projective
Aj-module or an injective A;-module, then A is called a normally upper triangular gm algebra,
which was introduced and investigated in [15].

Since Homay, (B;;, A;) is a free left Aj-module and Hom 4, (B;;, A;) = Homy, (Bj, A;), we
obtain that Homy,(B;;, 4;) is a free left A;-module, then, of course, a projective Aj-module.
So all Frobenius-type triangular matrix algebras are normally upper triangular gm algebras.

(ii) In Definition 1.1, let B;; = 0 for all |i — j| > 2, and let A; be any rings. Then we obtain
a class of triangular matrix rings which were studied in [20] about their module categories and
some homological characterizations.

(iii) A path algebra of quiver over algebra A = AQ = A ), kQ for an acyclic quiver @ and
a Frobenius algebra A studied in [19] is also a Frobenius-type triangular matrix algebra. Here
one needs only to take all A; = A and B;; = EBf:{f:j_’i} A. In particular, it was investigated
in [19] for the case A = k[T]/[T?] the algebra of dual numbers.

(iv) A generalized path algebra A = k(Q,.A), with an acyclic quiver @, A = {4;};cq, and
Forbenius algebras A; (i € Qq), is a Frobenius-type triangular matrix algebra through taking
all B;; to be generalized arrows from j to ¢ and thus obtaining A;; as generalized paths from j
to ¢. For more details, see [15].

Let

X
" Pij

be a A-module. It is easy to see that ¢;;: A;j ®AJ_ X; — X; is uniquely determined by
GijlRes(B,; @ X;) * Bij ®Aj X;—Xifor1<i<j<n.
Remark 1.3 Without ambiguity, we sometimes omit to write ¢;;, especially when ¢;; is a

natural inclusion for all 1 <1i < j < n.

Remark 1.4 In this paper, we consider only A which is connected, that is, A can NOT be
written as

A1 O

0 Ao

for two non-zero Frobenius-type triangular matrix algebras A; and A,. Otherwise, for

A O
A= ,
0 A
any representation M of A can be obtained from representations M; of A; (i = 1,2). Roughly
speaking,
M, 0
@
0 M



Representations of Frobenius-type Triangular Matriz Algebras 345

Our main result is as follows.

Theorem 1.5 For a Frobenius-type triangular matriz algebra A, the following statements
hold:

(a) The number of isomorphism classes of indecomposable T-locally free A-modules is finite
if and only if C' is of Dynkin type.

(b) If C is of Dynkin type, then the mapping rank : X — rank(X) induces a bijection
between the set of isomorphism classes of indecomposable T-locally free A-modules and the set
of positive roots of the quadratic form qc(z).

Theorem 1.6 For a Frobenius-type triangular matriz algebra A, there is a functorial isomor-
phism
F/" (=) = Homy (Ty, —) : rep(A) — rep(S1(A)).

This article is organized as follows. In Section 2, we study some properties of Frobenius-
type triangular matrix algebras and in particular, show that they are a class of 1-Gorenstein
algebras. In Section 3, we define the reflection functors for Frobenius-type triangular matrix
algebras and give the relation between Coxeter functors and Auslander—Reiten translation for
these algebras. In Section 4, we recall some definitions and basic facts on Cartan matrices,
quadratic forms and Weyl groups. Then we give a new representation-theoretic realizations of
all finite root systems via Frobenius-type triangular matrix algebras. In Section 5, we study the
generalized versions of APR-tilting modules over Frobenius-type triangular matrix algebras.

One of our motivation is, in the further work, using the results in this paper, to characterise
the categorification of cluster algebras in the case for skew-symmetrizable type.

2 Locally Free Modules and 1-Gorenstein Property
Proposition 2.1 ([15]) The representation category of a Frobenius-type triangular matriz
algebra A and the module category of A are equivalent.

We denote Bj; = Homy, (B, A;) = Homy, (B;j, Aj) for 1 <i < j <n.
Proposition 2.2 Forl <i<j<mn, Bj; is a free left Aj-module and a free right A;-module.
Also, we have B;; = Homa, (Bj;, A;) = Homa, (Bji, Aj).

I

Proof By the Frobeniusness of A;, we have the isomorphism Hom 4, (Homy,(—, 4;), 4;) = 1.

Then the result follows.

Proposition 2.3 For any Aj-module M; and A;-module N;, we have the isomorphism
HOHlAi (Bij ® ]\4]‘7 Nz) &~ HOHlAj (Mj, Bji ® Nz) .
Aj A1
Proof The adjunction map gives an isomorphism of k-vector spaces:
Hom 4, (Bij &) M, Ni> = Homa, (M;, Homa, (Bij, N;)).
Aj

(%)
Since Homy, (B;j, N;) = Hom u, (B;j, A; ®Ai N;) = Homy, (B;j, 4;) ®Ai N; = Bj; ®Ai N;, we

have
Hom 4, (Bij &) M, Ni> =~ Homy, (Mj, B;i () Ni> ,
Aj A1
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where the second isomorphism (x) follows from that B;; is a finitely generated free A;-module.

Lemma 2.4 (The Dual Basis Lemma) Let A be an algebra, and P be a finitely generated
projective A-module, Hom 4 (P, A). Then there exist x1,...,2m € P, f1,..., fm € Homa (P, A),
such that for each x € P,x =Y | fi(x);.

Since B;; is a finitely generated projective left A;-module and a finitely generated projective
right Aj-module, by the above lemma, there exist L;; C Bj;, L;; C Hompy, (Bij, A;) and
Rij € Bij, Rj; C Homy,(Bij,A;) such that for each by; € Byj, bjj = 34y, 0" (bi)l =
ZreRU r*(bij)r.

For the isomorphism in Proposition 2.3, for each ¢;; € Homuy, (B;; ®AJ M;, N;), we have
¢i; € Homy, (Mj, Bj; &4, Ni) satisfying @ij(my) = Z@ELU 0 ® @i (L@ my).

On the other hand, for each 1;; € Homa, (M;, Bj; ®A1‘, N;), we have 1;; € Homy, (B;; ®Aj
Mj, N;) satisfying i;(bi; @ m;) = > pep, " (bij)ij(m;)e, where the elements t;;(m;); € N;
are uniquely determined by ti;(m;) =3 ,cp, " ® bii(my)e.

Let A be a Frobenius-type triangular matrix algebra as in Definition 1.1. Denote P; = Ae;
the projective A-module for the idempotent e; as the unit 1 of A; and I; the corresponding

injective A-module for 1 < ¢ < n. Obviously,
P; = (A, Agg,y .., Ay, 0,...,0)" (2.1)

Also, we denote E; the A-module (0,...,4,,. ..,0)5)1]_7 where A; is in the i-th row and all
Lemma 2.5 For two k-algebras A and B, assume that M is an A-B-bimodule such that M is
a projective left A-module, and P is a projective left B-module. Then M @ g P is a projective
left A-module.

Proposition 2.6 For E; = (0,...,4,,..., 0)25” withi=1,...,n, it holds that proj.dim(E;) <
1 and inj.dim(E;) < 1.

Proof Clearly, F4, = P;. For every i = 2,...,n, we have exact sequences:

i—1

j=1 Ay

So, proj.dim(F;) < 1 by Lemma 2.5. Let E! be the right A-module such that D(E!) = E;. For
i=1,...,m— 1, since A; is a Frobenius algebra, there is a canonical exact sequence

j=i+1 Aj

Applying the duality D to (2.3), we get a minimal injective resolution

0— E; — D(e;d) — P D(Bij ®ejA) — 0. (2.4)
j=i+1 Aj

Clearly, E,, is injective. So, inj.dim(E;) <1 for 1 <i <n.
Definition 2.7 For a Frobenius-type triangular matriz algebra A, following [10], a finitely
generated A-representation X is called locally free if X; are free A;-modules for all 1 < i < n.

Denote by rep; s (A) the subcategory of all locally free A-modules.
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Corollary 2.8 For a Frobenius-type triangular matriz algebra A, suppose X € repl,fA(A), then
it holds that proj.dim(X) <1 and inj.dim(X) < 1.

Proof We have a short exact sequence
0o X —>X—(1-e)X—0,

where e; X and (1 — e1)X are locally free. By Proposition 2.6 and using induction on n, we

know that the projective and the injective dimensions of e; X and (1 — e1)X are at most one.

Remark 2.9 For the algebra A = A(C, D, ) in [10], the three conditions
X €rep; 4 (A), proj.dim(X) <1, injdim(X)<1

are equivalent. But it is generally not true for a Frobenius-type triangular matrix algebra.

An algebra A is called m-Gorenstein if inj.dim(A) < m and proj.dim(DA) < m. Such
algebras were firstly introduced and studied in [11].

Corollary 2.10 The Frobenius-type triangular matriz algebra A is a 1-Gorenstein algebra.

Proof It is a direct consequence of Corollary 2.8.
More general discussion related to this corollary can also be found in [21], in the various
way.
Recall that for an algebra A, an A-module X is 7-rigid (resp. 7~ -rigid) if Hom4 (X, 7(X)) =
0 (resp. Homa (7~ (X), X) = 0). We call the A-mod X rigid if Ext} (X, X) = 0. See [1].
When proj.dim(X) < 1, we have a functorial isomorphism Exty (X,Y) 2 DHom4 (Y, 7(X));
when inj.dim(X) < 1, we have a functorial isomorphism Ext!(X,Y) = DHom (7~ (Y), X).
See [3].
Corollary 2.11  For a Frobenius-type triangular matriz algebra A, let X € rep; ; (A). Then
X s rigid if and only if X is T-rigid, also if and only if X is 77 -rigid.
Proposition 2.12  For a Frobenius-type triangular matriz algebra A, the subcategory rep; ;. (A)

is closed under extensions, kernels of epimorphisms and cokernels of monomorphisms.

Proof Let (0 — X Ly %7 0 be a short exact sequence in rep(A). For each 1 < i < n,

this induces a short exact sequence
0— e; X EA e,Y L e,Z —0 (2.5)

of left A;-modules.

By the definition, when X,Z € rep,; (A), e;X,e;Z are both A;-free, and then e; X is
injective via A; is a Frobenius algebra and e;Z is projective for any 7. Hence, the short exact
sequence (2.5) splits, i.e., ;Y =2 ;X Pe;Z. It follows that each e;Y is free A;-module and
then Y € rep; ; (A).

When Y, Z € rep, s (A), e;Y,e;Z are both A;-free and then e;Z is a projective module.
Hence (2.5) splits, i.e., ;Y 2 ¢; X P e;Z. By the Krull-Schmidt theorem, it is easy to see that
each ¢; X is a free A;-module. So, X € rep; ; (A).

When X,Y € rep; . (A), e;X,e;Y are both A;-free and then e; X is injective via A; is a
Frobenius algebra. Hence (2.5) splits. Similarly, by the Krull-Schmidt theorem, each e;Z is
free A;-module. So, Z € rep;  (A).
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3 Reflection Functors and AR-translation

Let
Al A12 cee Aln
0 Ay ... Ay,
A =
0 0 A,

be a Frobenius-type triangular matrix algebra. Denote

Ay Ass ... Ag, Ao

0 Az ... Az, As
Si(A) = ;

0 0o -+ A, An

0 o .- 0 Ay

where Bj; = Homy, (B1;, A1) and

n—j
BB B Bu@nn® @
1=0 j<ky<ko<--<k <n A, Ay,
forj=2,...,n.
B is a free right A;-module and also a free left Aj-module, since Bj; = Homy, (By;, A1) =
Homy, (By;, A;). For Si(A), we have

HOHlA1 (Bj17A1) = HOIHA1 (HOIHA1 (B1j7A1);A1) = Blj
=~ Homy, (Homy, (Byj, Aj), A;) = Homy, (Bj1, 4;),

which means that S7(A) is still a Frobenius-type triangular matrix algebra.

Using the same method in sequence, we can obtain the Frobenius-type triangular matrix
algebra SiSk—1---S1(A) for any k. In particular, it can be seen that A 2 S, S,_1---S1(A).

A reflection functor F; : rep(A) — rep(S;(A)) can be described as follows.

For

X1
Xo
X = € rep(A),
Xn
define
Xo
FR(X) = ;

Xn
Xi

’
¢ij
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with X{ = Ker(X1, i), where

X1 in @Blk ®Xk — X;.
k=2 Ar

Denote by ;1 the composition of the inclusion map X| — @;_, Bix @ A, Xk and the projec-
tion ®Z=2 Blk ®Ak Xk —» Bli ®Ai Xz Then

Pix, forj=1;

¢:ij, otherwise.

¢;j =

For a morphism f = {f;} : X — Y in rep(A), Fi'(f) = f' = {f!} where f/ = f; for
i=2,...,n and f] is the unique morphism making the following diagram commutes:

n X1,in

0— Ker(Xl,in) — @k:Q Biy ®Ak X — X,
|

L f léBid@fk 1

Y Vi
0 —=Ker(Y1,in) —> @iy Bk @4, Yo — V1.

Similarly, for

Xo
X = : € rep(S1(A)),
Xn
X1 Pij
define Fy :rep(S1(A)) — rep(A) satisfying
X
Fl (X) = . )
Xn

o,
with X| = Coker(X1 out), where X1, out 1= (%)j X — EB?:Q By; ®Aj X;.
Denote by 1, the composition of the inclusion map By, ®Aj X; — @D;_, Bk Qa, Xk
and the projection @) _, Bix @ 4, X — X{. Then

wlja le:].,

¢y = .
¢, otherwise.
For a morphism ¢ = {¢;} : X — Y in rep(S1(A)), Fy (9) = ¢’ = {g}} where ¢} = g; for
i=2,...,n and g} is the unique morphism making the following diagram commutes:

X1,0ut N1
X, == D=2 Bk & 4, X — Cok(X1, out) — 0
[
I l@id@gk I g7

1l
Y, out
Y1~ @y Biu ® 4, Yie —= Cok(Y1, our) — 0.
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In the same way in sequence, for any k, we can define
Fk+ :rep(Sk—1Sk—2...51(A)) — rep(SkSk—1...S1(A)),
F. irep(SpSk—1...51(A)) = rep(Sk—1Sk—2 ... S1(A)).
Then we denote
Ct=FrEF .. F :rep(A) = rep(A) and C~ = F[ F, ...F, :rep(A) — rep(A),

which are called the Cozeter functors on rep(A).

Remark 3.1 Let @ be a connected acyclic quiver. We can re-arrange the vertices of Q) by
making ¢ < j if there is a path from j to i so as to get an admissible sequence 1,2,...,n with 1
as a sink vertex and n as a source vertex. Thus, the path algebra k@ can be seen as a special
case of Frobenius-type triangular matrix algebras through assuming that A; = k for all 7 and
B is the k-linear spaces generated by all arrows from j to 4. In this case, the reflection functors
and Coxeter functors defined above accords with that as the classical case given by Dlab and
Ringel in [6, 7, 18].

Proposition 3.2  For a Frobenius-type triangular matriz algebra A, and X € rep(S1(A)), Y €
rep(A), there is a functorial isomorphism Homy (Fy (X),Y) = Homg, (o) (X, FiF (Y)).

Proof  Consider a morphism f € Homg, (4)(X, FF(Y)). By definition, this is a collection of
Aj-module homomorphisms f; : X; — (F; (Y)); with 1 < j < n satisfying certain commutative

relations. In the diagram

X1,0ut n
X —— @kzg By ®Ak Xy — COk(Xl,out) —=0

|
lfl l@id®fk | 91
Y1,in \

00— Ker(YLin) — @Z:Q By ®Ak Y ———=1
its left square commutes. Observe that Y7 i, o (®id ® fi) 0 X1, 0u = 0, s0 Y7 in o (Pid ® f)
factors through the cokernel of X ou¢. Then, there is a map g; such that the right square
commutes.
Thus if we set g; := f; for 2 < j < n, we get a homomorphism g : F; (X) — Y corresponding
to the given f. Write 7(f) = g.

Conversely, consider a homomorphism g : F] (X) — Y, in the diagram

X1, 0ut n
X) —% @p_, Buk ® 4, X — Cok(X1, out) —0
|

I f1 l Did®gx lgl
¥ Y1,in

00— Kel‘(YLin) — @Z:Q Blk ®Ak Yk - Yl

the right square commutes. There is a unique map f; such that the left square commutes.
Similarly as above, let f; := g, for 2 < j < n. Then we get a homomorphism f : F; (X) =Y
corresponding to the given g. Write 7(g) = f.
For a morphism f € Homg, 4)(X, Fi'(Y)), there exists a unique 7(f) makes the right

square above commutes. And for 7(f), there exists a unique 77(f) makes the left square above
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commutes. Since f makes the left square above commutes, we have 77(f) = f. Similarly,

77(9) =9
Therefore, m and 7 are mutual-inverse, and we get a functorial isomorphism

Homy (Fy (X),Y) = Homg, (4) (X, Fi (Y)).

Lemma 3.3 For a Frobenius-type triangular matriz algebra A, there is a short exact sequence
of A-A-bimodules

Poi0— P Aei@Bi; Qeir S P Aer R erh ™ A — 0,
1<i<j<n A, A k=1 Ay,

where d satisfies d(p ® b ® q) := pb ® ¢ — p ® bq and the morphism “mult” is given by the

multiplication of A.

Proof  Trivially, d is injective and mult is surjective. Also, Im(d) = Ker(mult).

Corollary 3.4 For a Frobenius-type triangular matriz algebra A and X € repl,fA(A), there is
a projective resolution of X :

P@X - @ AQB TGN x 0
A 1<i<j<n A, A k=1 A,

with (d® X)(p@b@x) =pb @z —p® ¢i; (b @ ).

Proof Here P; is just defined in (2.1). Then, P, @, X is always exact. Since X is locally

free, exA @, X = e, X are free Ap-modules. Thus P, Q), X is a projective resolution.
Following [9, 10], we define a functor T of rep(A) satisfying that

X1 Xl
XQ X2
TX = ) for any X = . € rep(A),
Xn Xn
hij bij

where ¢;;(b® z) = —¢;;(b®@ ) for b € By;, © € X;, 1 < i < j < n. Obviously, T is an
automorphism functor.

Theorem 3.5 For a Frobenius-type triangular matriz algebra A and each X € rep; ; (M),
there are functorial isomorphisms: TCT(X) 2 7(X) and TC™(X) = 7~ (X).

This theorem and its preparation above follow the conclusion and method of [9, 10]. But,
here A is a Frobenius-type triangular matrix algebra, which includes the classes of algebras in
[9, 10]. We need to overcome the different key point such as the different expression form of
algebras by using the dual basis in Lemma 2.4.

Firstly, from A, we construct a new Frobenius-type triangular matrix algebra:

A1 ALQ e Alygn
0 Ag A Ag)gn

0 0 - Ay
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where
~ Ai, if 1 S ) S n,
A =
Ay, ifn+1<i<2n,
and
By, fl<i<j<norn+4+1<i<j<2n,
Bij = Homy, (Bj_n;, A;), ifl1<j—n<i<n,
0, otherwise,

T N—i—1 ~ ~ ~ . .
and Aij = @l:O ®i<k1<k2<-~~<kl<j Bikrl ®Ak1 Bkﬂfz ® e ®Akl Bk:lj for 1 <1< J < 2n.
For any non-negative integer ¢, denote
t+n t+n

l(t) = Z €, 1((;) = Zei
i=1

i=t+1

and the corresponding subalgebras
AW = 1WA10 O =10

for 0 <t < n. It is easy to see that A 22 A(0) 2 () =~ A, AM =2 A And AD >~ g, ... S1(A)
forl1 <t <n.

Let
X1
X = € rep(A)
Xon
2 bij
satisfy the following condition:
% n+i—1 o ~ ~
Xy = @ Bik ®Xk 2% X; such that X; jp0 X, oue =0 for1<i<n. (3.1)
k=i+1 Apg

We define the restriction functors:
Res™™) : rep(A™) — rep(A®), X s 1AM @) X;
Res,m) rep(]\(m)) — rep(f\(t)), X — 1(()t)/~\(m) ®zem X for 1<t <m <n.
Obviously, Res(; ) has a right adjoint Resz‘tym)(—) = Hom;\(t)(l(()t)[\(m), -).
The following lemma is a generalization of [10, Lemma 10.2]. Their proofs are identical.
Lemma 3.6 With the above notations, there is a functorial isomorphisms
Res(™) o Res(;_1 ;) (X) = FF oRes" 17 (X)
for X € rep(AU=V) which satisfies (3.1) for all 1 < i < n.
By Lemma 3.6, we obtain that for any X € rep(A) (regarded as a representation of
rep(A(©)), we have
Homy (1941 X) = Res(™™ o Res{;,_1,n) © - 0 Res{g 1) (X)
=F oRes" o Res(,,_2,_1) 0+ o Res(y 1) (X)
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=FfoF! o---Ff oRes’(X)
=0t (X).
Denote
Reso = Res(g,1) o Res(1,2) 0+ -- o Res(,_1,n), Resy=Res(,,_1,) 0~ 0oRes(y o) 0 Res(y 1.

It is easy to see that Res; is right adjoint of Resg.

Now, following [9, 10], we construct another functor R : rep(A(®)) — rep(A), and then
show that Rf is right adjoint to Reso.

Let X € rep(A(®). We first define X € rep(A) by requiring that

Res(®™(X) = X,
Res(™™) (X') = @ Homy, (Bthc ® en+kA("), Xt> .
1<k<t<n Ay,

For 1 <i < j < n, it remains to define the structure map of X as Aj-module morphisms:
Gjmti : Binti Q) Xnti — X; = X;,
which is given by the following composition:

Bj,n+i ® ( @ HomAt <Bt n+k ® €n+kA €n+tis Xt)>

A; 1<k<t<n

proj.
J,n+1 ® HOIIIA ( J,n+i ® en-i—z en+z; X; )
= Djn+i ® HOIDA j,n+z; X; )

1.
eva X

VE
where the first map is the projection on the direct summand indexed by 7,5 and the second

map is the evaluation b ® ¢ = ¢(b).
Secondly, we define a A-subrepresentation R%(X) of X as follows. We set

(Ry(X))i=X;=X;, 1<i<n,
and define R(X),4; as the subspace of Xn_H generated by all of
(M;c,t)lgkqgn € EB Homy, (Bt,nJrk ® en+kA(n)en+i7 Xt)
1<k<t<n Ay

such that, for all 1 <t <nand \ € en+tA(”)en+i, the following relation holds:

Yoo e+ > (@i, (@) =0. (3.2)

1<k<t,l€ Ly t<m<n,r€R¢m
For pf = (Mi Di<k<t<n € (R§(X))ntj 1 < j < n, we deduce from the definitions that
Xi.in © X, oue (1)
= X;, in( Y W @bnpin i)+ D (1@ ey (7 ® uj)))

1<i<j,leL;j j<k<n,r€R;;
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> il @b (@) Y Gk @ G (T @ )

1<i<jlEL;j j<k<n,reR;;
_ J (p* J * _
= E pi (@ L@ enyj) + E G5k (r @ p ), (1" ® enyj)) = 0.
1<i<j,leL;j j<k<n,reR;;

So, R§(X) satisfies (3.1).

Thus, we have obtained a functor R} : rep(A(®) — rep(A); X — R3(X). We have that R}
is isomorphic to Res). This is according to the uniqueness of adjoint functors up to natural
equivalence and the following lemma.

Lemma 3.7 Rj is right adjoint to Resp.

It is a generalization of [10, Lemma 10.3]. Their proofs are identical.
Lemma 3.8 Let A; be a Frobenius algebra, U and V be finitely generated free A;-modules.
Then we have an isomorphism DHomu, (U, V) = Homy, (V,U).
Proof Since A; is a Frobenius algebra, DA; = A;. Let U = @;.1:1 A;and V =@;"; A;. Then
DHom 4, (U,V) = @)_, @,~, DHomy, (4;, A;) = @_, D;~, Homy, (4;, A;) = Homy, (V,U).
Proposition 3.9 For a Frobenius-type triangular matriz algebra A and X € rep, ;. (A), there
is an isomorphism T(TM) = Res™™ o R%(X), where A is identified with A©) and A™ by their
definitions.
Proof  The proof is similar to [10, Proposition 10.4]. The only illustration we need to add

is the fact that for a locally free A-module X, we have DHom, (e;A, X;) = Homg, (X;, e;A).
This follows from Lemma 3.8.

Proof of Theorem 3.5 By Proposition 3.9, if X € rep, ; (A), we have
TCH(X) = Res™™ o Rest (TX) = Res(™™ o RS (TX) = 7(T%X) = 7(X).
Let X,Y €rep; ; (A). Then we have

Homy (77(X),Y) = Homy (X, 7(Y))
=~ Homy (X, CT(TY))
~ Homy (C~(TX),Y).

The first isomorphism is obtained by Corollary 2.8 and the third isomorphism follows from
Proposition 3.2.
There exists a functorial isomorphism of right A-modules DX 2 Homy (X, DA) for all
A-modules X. Since DA € rep, ; (A), taking Y = DA we get 77 (X) = C~(TX). O
Recall that the category of Gorenstein-projective modules of A is

GP(A) = {X € rep(A)|Exth (X, A)} = 0.

As an immediate consequence of Theorem 3.5 and the definition of C(—), we get the following

result.

Corollary 3.10 For a Frobenius-type triangular matriz algebra A and X € rep, ; (A), the
following are equivalent:

(i) X € GP(A);

(if) C*(X) = 0;
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(iil) X, in 4s ingective for all 1 <1i <mn.

This result has been proved in a more general case in [15].

4 Root Systems in Case of Dynkin Type
For a Frobenius-type triangular matrix algebra A, let C' = (¢;;) € My(Z), where
2, if i = j,
cij = —rankg,(B;;), ifi<jy,
—rankga, (Bji), ifi>j.

Denote ¢; = dimy(A;). Then it is easy to get that c;c;; = ¢;jcj; = —dimg(B;;), which means
that C' is a symmetrizable Cartan matrix.

Define a quadratic form g¢ : Z™ — Z of C satisfying for x = (z1,...,1,)! € Z",

n
qgo(x) := chxf - Zci|cij|xixj. (4.1)
i=1 i<j
The Cartan matrix C' is said to be of Dynkin type (resp. Euclidean type) if q¢ is positive
define (resp. positive semidefinite).
We define the valued quiver I'(A) via the Cartan matrix C' whose vertices are 1,...,n and
whose arrow ¢ < j from j to 4 exists for each pair (¢,7) with i < j if ¢;; < 0, with valuation

(—cji, —cij) on the arrow i < j. It is well known, see [12, Theorem 4.8], that

Fact C is of Dynkin type if and only if T'(A) is a disjoint union of quivers whose underlying
valued graph is of Dynkin type.

The standard basis vectors of Z"™, denoted as aq,...,a,, are the positive simple roots of
the Kac—Moody algebra g(C') associated with C, that is, of the quadratic form gc(x). For
1 <4,j < n, define the reflections s; satisfying that s;(c;) := aj — ¢;50.

The Weyl group W(C) of g(C) is the subgroup of Aut(Z™) generated by si1,...,s,. It is
well known that W(C') is finite if and only if C' is of Dynkin type.

Let A(C) be the set of roots of C' and A (C) := [J;; W () be the set of real roots of C.
Let AT(C) := A(C)NN™ and AL(C) := A(C) NN™. The following are equivalent:

(i) C is of Dynkin type;

(ii) A(C) is finite;

(iii) Ae(C) = A(C).

Let
at, if k=1, SnSn—1-Spr1(ag), H1<k<n-—1,
Br= ) and Y= .
s182+ - Sp—1(ag), f2<k<n Qn, if k =n.
Let ¢ = s,8,_1--+81 : Z" — Z™ and ¢~ = 5189 -+ 8y, : Z" — Z™ be the Coxeter transfor-

mations. For k € Z, set
(ch)k,  if k>0,
=3 ()R, ik <0,
id, if k=0.
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It follows that ¢ (Bx) = —&.

The following three lemmas are well known, for example see [3, Chapter VII].

Lemma 4.1 Suppose that C' is not of Dynkin type. Then the element ¢"(3;) and c*(v;) with
r,8 >0 and 1 <i,j < n are pairwise different elements in A} (C).

Let C be of Dynkin type. Let p; > 1 be minimal with ¢7?(8;) ¢ N™ for 1 <4 < n, and let
¢; > 1 be minimal with ¢% (;) ¢ N™ for 1 < j < n. The elements ¢~ "(;) with 1 < i <n and
0 <r < p; —1 are pairwise different, and the elements ¢*(vy;) with1 <j <nand0<s <g; —1
are pairwise different.

Lemma 4.2 Assume that C is of Dynkin type. Then AT(C) ={c"(B)|1 <i<n, 0<r<
pi— 1} ={c*(y)|[1 <j<n, 0<s<gq; -1}

Lemma 4.3 Assume that C is of Dynkin type. For every positive vector x, there exist s > 0
such that ¢’z > 0 but ¢*tla ¥ 0, and t > 0 such that ¢tz > 0 but ¢t~ x ¥ 0.

Definition 4.4 For a Frobenius-type triangular matriz algebra A, let X be a locally free A-
module. Let r; be the rank of the free A;-module X;. Following [10], we denote

rank(X) := (r1,...,7).
Lemma 4.5 rank(Py) = 0, rank(l) = v.

This lemma is a generalization of [10, Lemmas 3.2 and 3.3]. Its proof is similar to that of
[10, Lemma 3.2], using the resolution (2.2) and (2.4).

Definition 4.6 For a Frobenius-type triangular matriz algebra A, following [10], a A-module
X is called T-locally free if 7%(X) is locally free for all k € Z. Moreover, X is called indecom-

posable 7-locally free if X cannot be written as a sum of two proper T-locally free A-modules.
The following proposition is a generalization of [10, Propositions 9.6 and 11.4].

Proposition 4.7  For a Frobenius-type triangular matriz algebra A, let X be a rigid and locally
free A-module. Then

(i) F/"(X) is a rigid and locally free Si(A)-module and F,; (X) is a rigid and locally free
Sn—1--S1(A)-module;

(ii) X is 7-locally free and T%(X) is rigid for all k € Z.

Proof  Tts proof is identical to the proof of [10, Propositions 9.6 and 11.4]. The only illustration
we need to add is the fact that for a locally free A-module X and its minimal projective resolution
of the form 0 — P” — P’ — X — 0, we have that P’ and P” are two direct sums of P; for

1 <4 < n. The conclusion follows from Proposition 2.6, Corollary 2.8 and the horseshoe lemma.

Lemma 4.8 For a Frobenius-type triangular matriz algebra A, let X be an indecomposable
7-locally free A-module. Then X is isomorphic to Ey if and only if Fit (X) = 0 (or equivalently,
s1(rank(X)) # 0). If X 2 Ex, then Fy"(X) is an indecomposable T-locally free Sy(A)-module
and rank(F;" (X)) = s; (rank(X)).

Proof Since X is indecomposable 7-locally free, we obtain that X; i, is surjective. If X 2 Ej,

we have an exact sequence ( —= Ker(X1 in) —= @) _, Bik ®Ak X —>X;—>0.So

(rank(F7F(X)))1 = Y lewelax — ar = (s1(rank(X)))s.
k=2
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If X = Ey, we have F;'(X) = 0 by the definition of F;", and s; (rank(F;)); = —1.
We need the following two propositions, which are generalizations of [10, Propositions 11.5

and 11.6] respectively. Their proofs are similar.

Proposition 4.9 For a Frobenius-type triangular matriz algebra A and an indecomposable
T-locally free A-module X, the following statements hold:

(i) If 78(X) # 0 for some k € Z, then rank(7%(X)) = c*(rank(X));

(ii) If 7%(X) # 0 for some k € Z and rank(X) is contained in AT (C), then rank(7*(X)) is
in AT(C).
Proposition 4.10 For a Frobenius-type triangular matriz algebra A and a A-module X, if
either X = 77%(P) or X = 78(1I;) for some k > 0 and 1 < i < n, the following statements
hold:

(i) X is 7-locally free and rigid;

(i) rank(X) € A% (C);

(iii) If either Y = 7=™(P;) orY = 7™(I;) for some m >0 and 1 < j < n with rank(X) =
rank(Y), then X =Y.
Theorem 4.11 For a Frobenius-type triangular matriz algebra A, the following statements
hold:

(a) The number of isomorphism classes of indecomposable T-locally free A-modules is finite
if and only if C is of Dynkin type.

(b) If C is of Dynkin type, then the mapping rank : X +— rank(X) induces a bijection
between the set of isomorphism classes of indecomposable T-locally free A-modules and the set

of positive roots of the quadratic form qc(x).

Proof 1In the case that C is not of Dynkin type, by Lemmas 4.1, 4.5 and Proposition 4.9, we
know there are infinitely many isomorphism classes of indecomposable 7-locally free A-modules.

In the case that C is of Dynkin type, firstly, we need to prove that rank(X) € AT(C) for
any indecomposable T-locally free A-module X. We denote rank(X) = z. By Lemma 4.3, there
exists a least s such that ¢z > 0 but ¢*tlz ¥ 0. Because ¢ = s, --- 51, there also exists a
least 7 such that 0 <i<n—1, s;---s1ctx > 0, but s;11---s1ctz £ 0.

We know that X' = Fﬁ e FfrC“‘tX is indecomposable 7-locally free by Lemma 4.8 and
that

@(Ff e FPCTIX) = 550051tz

Because s, 1(rank(X')) # 0, there is an isomorphism X’ & E; 1 by Lemma 4.8. So s; - --siclz=

a; 11, and according to Lemma 4.2, the vector z = ¢7tsy -+ - s;0511 = ¢ ¢34 1 is a positive root
of go(x) and rank(—) is surjective.
If X and Y are indecomposable 7-locally free A-modules such that rank(X) = rank(Y),

then we have, as earlier
Ftr.. FfCTX~E . 2F. FfCcty,

so that
X2C'Fy F B 2Y.

Thus rank(—) is an injective mapping.
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Corollary 4.12 For the path algebra A = AQ of an acyclic quiver QQ over a Frobenius algebra
A, the following statements hold:

(a) The number of isomorphism classes of indecomposable T-locally free A-modules is finite
if and only if Q is of Dynkin type;

(b) In the case that Q is of Dynkin type, the mapping rank : X — rank(X) induces a
bijection between the set of isomorphism classes of indecomposable T-locally free A-modules and
the set of positive roots of the quadratic form qg(z) = EiEQo x? — Zate Tg(a)Te(a), where
x=(21,...,2,)" € 2"

Proof By Remark 1.2 (iii), A = AQ is a Frobenius-type triangular matrix algebra via taking
all 4; = A and B;; = @77 A, So, ¢; = ¢; = dimy A, and then

—Cijj = —Cj; = dlka”/dlmkA = #{a ] — Z},

which means that the Cartan matrix C' is symmetric and in its corresponding valued quiver
I'(A), the valuation (—c;j, —¢;j;) is given with the number of arrows from j to 7 in Q. By the

definitions of the quadratic forms, we have

chx - Z cileijlziz; = dlmkA(Zx - Z |c”:xlxj> = gqo(z)dimy A.

1<j 1<j
Hence, the positivity definite property of gc and gg are the same with each other. Thus, the
statements (a) and (b) follow respectively from Theorem 4.11 (a) and (b).

Recall in [14] for a generalized path algebra A = k(Q, .A), there is a corresponding valued
quiver T(A). The set of vertices T(A)g = Qp. If there are arrows from j to 7 in @, we give an
arrow ¢ < j in T(A), with valuation (d;;, d;;) where d;; = |Q;;|dim;A; and d;; = |Q;;|dimgA;.
Here |Q;;| means the number of arrows.

In the case when @ is acyclic, in order to realize k(Q,.A) as a triangular matrix algebra, we
re-arrange the order of vertices in @ via assuming ¢ < j if there exists a path from j to i. Let
B;j = A;Qi;A; for Q5 the set of arrows from j to 4 in ) and then define A;; as in Definition 1.1
and put A; at the (i,i)-array. Then we obtain the triangular matrix algebra which is equal to
A=k(Q,A).

Moreover, —¢;; = ranka, (B;;) = |Q;;|dimiA; = d;;. Thus, it follows that the valued quiver
T(A) is coincident with T'(A).

Define a quadratic form gy(g, 4y : Z" — Z of k(Q, A) satisfying for z = (21,...,x,)" € Z",

QA) Z d.l? — Z dg a)d @) Ts(a)Tt(a)- (4.2)

1€Qo acQ1

Comparing this quadratic form with that in (4.1), it is easy to see that gy (g, 4) is the special
case of g¢ for A = k(Q, A).

Corollary 4.13  For an acyclic quiver Q and its generalized path algebra A = k(Q, .A) endowed
by Frobenius algebras A; at all vertices i € Qq, the following statements hold:

(a) The number of isomorphism classes of indecomposable 7-locally free A-modules is finite
if and only if T(A) is of Dynkin type.

(b) If Q(A) is of Dynkin type, then the mapping rank : X — rank(X) induces a bijec-
tion between the set of isomorphism classes of indecomposable T-locally free A-modules and
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the set of positive roots of the qrq.4)(T) = > icq, diz? — > ae, As(@)@t(a)Ts(a)Tr(a), Wwhere
z=(z1,...,2,)" € Z™ and d; = dim(4;).

Proof  They follow directly from Y(A) = I'(A), the Fact, Theorem 4.11 and that gx,4) = qc
for A = k(Q, A).

5 Analog of APR-tilting Module for A
The APR-tilting modules were introduced by Auslander et al. in [4] to interpret BGP-reflection

functors as homomorphism functors of certain tilting modules. Also, it was the beginning of
tilting theory.

For a Frobenius-type triangular matrix algebra A, for the case i = 1, we define T} :=

A/P, @ 7 (P1) and call Ty a generalized APR-tilting module of A. This case follows from the
fact that ¢ = 1 is a “sink vertex” so as to gain the reflection functor.
Proposition 5.1 For a Frobenius-type triangular matrix algebra A, Ty is a tilting A-module.
Proof  Since P; is a rigid and locally free, 77 (Py) is rigid and locally free by Proposi-
tion 4.7. So T} is locally free. Then by Corollary 2.8, proj.dimT; < 1. Thus, Exty (Ty,T}) =
DHomy (T1,7(T1)) = DHomy (11, Py) = 0. Because A is connected, P; has no injective sum-
mand. Since 7~ takes non-injective indecomposable modules to non-projective indecomposable
modules, T := A/P; @ 7 (P1) has the same number of summands as primitive idempotents
of A. So T is a tilting A-module.

Remark 5.2 A similar analog of generalized APR-tilting modules was introduced in [16] for

a class of triangular matrix alegbras.

Lemma 5.3 For a Frobenius-type triangular matriz algebra A, there is an algebra isomorphism
Endy(Ty) 22 S1(A).

Proof Clearly, when 2 <1i,j5 < n,

¢;Enda (Th)e) = Homguacr, ) (Enda (T1)e;, End (T7)e))

= HOmEnd(Tl)(HOIH(Tl, PZ), HOHI(Tl, P]))

= Homn (P;, P))

= 61-Aej.
When ¢ = 1,5 = 1, e’iEndA(Tl)e;- > Homp (7~ (P1), 7 (P1)) & Homp (P1, P1) & A;. When
i =1,7 > 1, eEndx(T1)e} = Homp (77 (P1), Pj) = 0. When j = 1,i > 1, e[Endj(Th)e; =
HOII]A(PZ',’T_(Pl)).

Since there is a minimal injective resolution:

0—>P1—>Il—>@fj®3j1—>0,
j=2 Ay

then we have .
0—>I/7(P1)—>P1H@Pj®Aij1—>T7(P1)—>O.
j=2
Apply functor Homp (P;, —) for i > 1.
Since Homp (P;, P1) = 0, Homy (P;, EBZ:Q P, ®Ak By1) — Homp (P, 7~ (P1)) is injective.
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Since P; is projective A-module, Homy (P;, @) _, Pk ®Ak By1) — Homp (P, 7~ (Py)) is sur-
jective.
So, HOI?(IA(IDi7 @ZZQ Py ®Ak Bkl) = HOIIIA(IDi7 T_(Pl)).
Then, e;EndA(Tl)e’l = HomA(Pi, 69222 Pk ®Ak Bk1) = 69222 elAek ®Ak Bkl = Az’l-
At last, Endp (T7) = S1(A).
Using Proposition 5.1 and Lemma 5.3, we can prove the following theorem.
Theorem 5.4 For a Frobenius-type triangular matriz algebra A, there is a functorial isomor-
phism
F[" (=) = Homy (Ty, —) : rep(A) — rep(S1(A)).
Proof We know that P; = Fj.
We have v~ (D(e1A)) = Homy (D(D(e1A)), A) =2 Homp (e1 A, A) =2 Aey = Py
Also
v (D(Byj ®4, ejA)) = Homp (B ®a4; e;A, A)
= Homy, (By;, Homp (e;A, A))
= HOHIA]. (Bija Aej)
= Aej ®A]‘ HOIIIAJ. (Blj, AJ)
= Pj ®Aj Bﬂ (51)
Since Ae; is a finitely generated projective right Aj;-module, the isomorphism in (5.1) comes
from [2]. So applying the quasi-inverse Nakayama functor v~ to (2.4), we get an exact sequence
0—>I/7(E1)—>P1 H@?:ij ®A.7. le —>T7(P1)—>0, (52)
where 61; : P, — P; ®Aj Bj; is given by Ae; — ZTERU Ar ® r*. We have isomorphisms
HOHlA(Pj ®Aj le, X) = HomA(HomAj (Bij7 Aej), X) =~ Blj ®Aj HOIHA(P)J'7 X) = Blj ®Aj Xj.
The isomorphism Homy (P; ®Aj Bj1,X) — By ®A]~ X is given by f +— ZreRij Ar® f(e;@r*),
and isomorphism Homp (P, X) — X is given by g — g(e1). We get a commutative diagram

Hom (P; ® 4, Bj1, X) — 2%, Homy (P, X)

"ﬁl mxl
Blj ®Aj Xj L Xl.
This follows from that, for f € Hom (P; ®A]- Bj1,X) and r € Ry, we have
Jrer) =ei(re fle;@r).
Applying functor Homy (—, X) to (5.2) for X € A-mod, we obtain a commutative diagram:
0 —— Hompa(7(P),X) —— EB;.L:Q Hom (P; ®Aj Bj1,X) —— Hom,y (P, X)

| I l |
0 ——  Ker(X1m) ——  @1,B,;®4 %X, UL o

Since the last two terms are isomorphic, we obtain an isomorphism Homa (77 (Py), X) =
Ker(Mji,in). Together with Lemma 5.3, we get the functorial isomorphism Ff‘(—) ~ Hompy
(Tla _)'
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This theorem is the main result in this section, whose corresponding analog in [10] is [10,
Theorem 9.7]. But the method for proving in [10] is incomplete for our case, the Frobenius-type
triangular matrix algebra A.

Besides Corollary 4.13, the main results in this paper, including those in this section, are
interesting to be restricted two special cases, that is, A is either a generalized path algebra
A = k(Q,A) endowed by Frobenius algebras A; at each vertex ¢ € Qg or a path algebra
A = AQ of quiver @ over a Frobenius algebra A.
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