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Abstract In this paper, we prove that for f% < B <0, suppose M is an invariant subspaces of the
Hardy—Sobolev spaces HE (D) for T2, then M & zM is a generating wandering subspace of M, that is,
M =[M & zM)] 8- Moreover, any non-trivial invariant subspace M of H, é (D) is also generated by the
quasi-wandering subspace Py T2M™, that is, M = [Py TZ M™] 8-
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1 Introduction
Let D be the unit disk in complex domain C, and T be its boundary. We denote the Lebesgue
measure on T by df. For g € R, the Hardy—Sobolev space Hg(ID)) consists of analytic functions
fin D so that RPf € H?(D), where f(z) = >, axz" is the Taylor expansion of f and
ROF =021+ k)Pagzt.

We define the norm on HE(D) as

1£1ls = IR Fll 72y -

In fact, Hg, (D) is a Hilbert space with the inner product defined as

1 2
(f.90s =5 [ RI(HRP(g)dd, Vf,g € Hi(D).
0
Definition 1.1 For ¢ € Hg(]D)), denote by Tg the multiplier with symbol @ on HE(D), that is
Tgf =of forany f € HE(D) Set
Mg ={pe Hg(]D)) | Tg is bounded on HE(D)}

1t is not difficult to see that Mg is an algebra and z € Mg.
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The Hardy—Sobolev space is a general analytic function space which contains many classical
function spaces. For example, it is easy to check that H? = D, the Dirichlet space; HZ = H?,
the Hardy space; H?, = L2, the Bergman space. This 2;vﬂeans that the Hardy—Sobolev space
has very complex conzstructions. In recent years, a series of papers and books discussed these
spaces and the integral operators on these spaces (see [4, 5, 7, 14]).

For a given operator T on a separable Hilbert space H, a closed subspace M of H is
called an invariant subspace for T if TM C M. For an invariant subspace M of H for T, the
space M © TM is called the wandering subspace and Py;T M~ the quasi-wandering subspace
respectively for M, where and in what follows Pj; denotes the projection onto a closed subspace
Mand Mt =Ho M, TM* ={Tx:x € M*+}.

For a subset E of H, we shall denote by [E]r the smallest invariant subspace of H for T
containing E. In other words, [E]r is the norm-closed linear span of functions of the form 7%
forYy € Eand k=0,1,....

We say that the Beurling type theorem holds for T if [M © TM|r = M for all invariant
subspaces M of H. On the Hardy space H?(D), the well known Beurling theorem in [3] says
that for all invariant subspaces M of the unilateral shift 7T, their wandering subspaces have
dimension 1, and the Beurling type theorem holds for T,. On the other hand, on the Bergman
space L2(D), the situation of the Bergman shift B is a little bit different. There are studies
of the dimension of wandering subspaces of invariant subspaces of B, and it is known that the
dimension ranges from 1 to oo , see [2, 8, 9]. In 1996, Aleman et al. [1] gave a big progress in
the study of invariant subspaces of 8. They proved the Beurling type theorem for the Bergman
shift 2B. This result reveals the inside of the structure of invariant subspaces of the Bergman
space and becomes a fundamental theorem in the function theory on LZ(D). Later, different
proofs of the Beurling type theorem are given in [13, 15, 16]. In [15], Shimorin proved the

following theorem.

Theorem 1.2 (Shimorin’s theorem) Let T be a bounded linear operator on a Hilbert space
H. If T satisfies the following conditions

() 1T+ ylI* < 2(|l«|® + | Tyl*), Va,y € H.

(b) 22 T"H = {0}

Then H © TH is a generating wandering subspace for T', that is,

H=[HoTH|r.

If T satisfies conditions (a) and (b), then T|pr : M — M also satisfies conditions (a) and
(b). Hence by Shimorin’s theorem, the Beurling type theorem holds for T. As an application of
this theorem, Shimorin gave a simpler proof of the Aleman, Richter, and Sundberg’s theorem.
In [16], Sun and Zheng gave another proof of this theorem. Their idea was to lift up the
Bergman shift as the compression of a commuting pair of isometries on the subspace of the
Hardy space over the bidisk. Sun and Zheng’s idea has two aspects. One is to show some
identities in the Bergman space. Another one is a technique how to prove the Beurling type
theorem.

Recently, Izuchi et al. [10] proved the following theorem.
Theorem 1.3 Let T be a bounded linear operator on a Hilbert space H. If T satisfies the
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following conditions
(1) |Tz|)? + | T**Tx|? < 2||T*Tz|? Vx € H.
(2) T is bounded below, that is, there is ¢ > 0 satisfying | Tx| > c||x| for every z € H.
(3) | T**z|| — 0 as k — oo for every x € H.
Then H © TH is a generating wandering subspace for T', that is,

H = [H o TH]r.

n [10], it is proved that conditions (1), (2), and (3) in Theorem 2.1 are equivalent to Shi-
morin’s conditions (a) and (b). As application of Theorem 2.1, Izuchi et al. gave an elementary
proof of the Aleman, Richter and Sundberg’s theorem using some basic function theory in L2 (D)
and elementary techniques in functional analysis.

In this paper, we study wandering subspaces and quasi-wandering subspaces of the Hardy—
Sobolev spaces Hj (D).

2 The Wandering Subspaces of Hardy—Sobolev Spaces
In this section, the following theorem is our main result.

Theorem 2.1 If —% < B <0, and M is an invariant subspaces of the Hardy—Sobolev spaces
HE(]D)) for T3, then M © zM 'is a generating wandering subspace of M, that is,

M = [M@ZM]TZB

In order to prove Theorem 2.1, we need some identities in the HE(D)
Suppose f € H3(D), f =72, apz®.
It is easy to show that

Lemma 2.2 (1) T/ f =37 ap2*t

* (2+k 2
(2) T0°T2 f = 320, 1ik§2ﬂakzk'
28

*2
(B) TP TPf =37, kfg agz" L
By Lemma 2.2 and Theorem 1.3, we prove the main theorem.
Proof of Theorem 2.1  In fact, ||2¥]|s = (1 + k)”, and
A+k)*
2

Suppose f € H3, f =3 2garz". Then ||f|I3 = Y202 lax|*(1 + k)*° < oo.
Theorem 2.1 follows if we show that the three conditions of Theorem 1.3.

TP 1=0, TP(zF) = (k>1).

Step 1  We need to prove the following inequality.

*2 *
ITZFNE + 1T T2 15 < 2072712 £1I3- (2.1)
It is easy to calculate that
*2 > 2+I€
T 15+ 122 TS = Yl P2+ 02+ 3 P R s
k=0 k=1

oo

2+ k
Z ar?(2+k 2B+Z|ak|2%, (2.2)

= k=1
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and

* > (
T TIfIF =2 |ak|2(7
k=0
c- (
(

(2.3)

In order to prove the inequality (2.1), by comparing (2.2) and (2.3), we only need to prove
that

228 < 9 x 248 (2.4)
and
2+ k)4 2+ k)48
2+ k)% + ( k;%) < 251 —|—I<;;25’ Yk > 1. (2.5)

First, it is easy to see that for —% < (8 <0, we have that (2.4) holds.
Next, write t = 23, the inequality (2.5) is equal to

2+ k)t (2+ k) 1 1 2
< <= — <
(N5 S WA M CR AT
1 1 1 1
—

— < - .
2+k)t (Q+kF - (1+kt Kt
When —% < B <0, that is, —1 < t < 0, we have ﬁ > % In order to prove the
inequality (2.5), we only need to prove that

1 1

@R T R

T W (2.6
CETD =

For —1 <t <0, since the functions g(z) = (x + k+ 1)~" and h(z) = (x + k)" is derivable
on the interval [0, 1], by the Cauchy mean value theorem, there exists a £ € [0, 1] such that

9()—g(0) g _—td+k+5"" (k+&)™!

WL —h(0) W) T —tk+ 61 (ke =
and
9(1) —9(0) _ g'(€) _ mrRr — e
MO —h0) W& T -

This means that (2.6) follows, then the inequality (2.5) follows.
Hence we have that for —% <pB<0,

*2 *
ITZ P15+ 1T2 T2 F115 < 2070 T2 £113-
Step 2 For § <0, it is easy to see that
T2 £1ls > 2°11 f1l5-

That is, T, is bounded below.
Step 3 We will prove that for g <0,

. *M
Jim |77 flls =0, Vfe Hj(D).
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In fact, for n > k, we have Tf*n(zk) = 0; for n < k, we have Tf*n(zk) = %z’“”.
By calculating,
N ]. —+ k‘) _ 2
Tﬁ 2 _ k n

—Zm e R

Z' (1+ k)%
B 1+k n)28
Since f € H3, f =372, apz", 1£1% = Zk:o lar)?(1 4+ k)?# < oo. Then, when n — oo, we get

e, lag*(1 + k)% — 0. For 8 < 0, note that % <1(k>n). We have

3*7 1—|—]€)
Iz fuﬁ—Z\ T

< Z Jar*(1 + k)%
k=n

Hence we get that for § <0, lim, o HTf*an@ =0.
In conclusion, T2 satisfies the three conditions of Theorem 1.3, then M ©2zM is a generating

wandering subspace of M, that is,

M = [M@ZM]TZB

3 The Quasi-wandering Subspaces of Hardy—Sobolev Spaces

An operator T on a Hilbert space H has the quasi-wandering property if for each nontrivial
invariant subspace M of H for T, M = [Py, TM*]r.

Let M be an nontrivial invariant subspace of H2(D) for T,. Since in this case T} is an
isometry, i.e., T*T, = I, then one easily sees Pp;T,M+ C M ©T,M. On the other hand, it is
easy to check (see [11])

dim M © T,M < dim Py, T, M>. (3.1)

Thus we have
PyuT.M* = Mo zM.

So in the one variable Hardy space case, a quasi-wandering subspace coincides with a wan-
dering subspace for M. It is not the case in the Bergman space although (3.1) still holds. The
quasi-wandering subspace in the Bergman space is studied recently by Izuchi et al. in [11], they

proved the following theorem.

Theorem 3.1 Let M be an invariant subspace of L2(D) for T,. Then the following conditions
are equivalent:
(1) PyT,M=is not dense in M.
(2) There exists an f € M with f # 0 satisfying TXf € M.
(3) M ND # {0}, D is Dirichlet space.
(4) There exists an f € M with f # 0 satisfying f' € M.
(5) There exists an f € M with f # 0 satisfying f —T.T;f € M.
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Moreover, in [11], it is shown that the shift operator on the Bergman space L2(ID) has the
quasi-wandering property. This result is seen as a counterpart of the Aleman, Richter and

Sundberg’s theorem.
Theorem 3.2 ([11]) Let M be an nontrivial invariant subspace of L2(D) for T,. Then M =
[PyT, M+, .

Recently, Chen [6] considers the quasi-wandering property for n-tuple of operators T =
(T.,,..., T, ) on a reproducing analytic Hilbert space HX on the unit ball B,, of C" defined
by a U-invariant kernel K.

We say a closed subspace M of Hilbert space H is invariant for an n-tuple of operators
T=(Ty,...,T,),if M C M for all i =1,...,n. Set

PyTM* = PyyTyM* + - + PyT, M ™.
We call an operator tuple T = (T1,...,T},) has the quasi-wandering property if for each non-
trivial invariant subspace M of H for T, M = [Py TM*]=.
Fix a constant v with v > 0, set

1

Ky(z,w) = ——.
(1= (z,w))"

Chen proved the following theorem.

Theorem 3.3 ([6]) If K = K, or K is a U-invariant complete Nevanlinna-Pick kernel, then
the n-shift T = (T.,,...,T.,) on HX has the quasi-wandering property.

Motivated by the work of Chen, in this section we will consider the quasi-wandering property
for T, on the Hardy—Sobolev Spaces HE(D)

The following lemmas are very useful in our proof.

Lemma 3.4 Let M be an invariant subspace of a Hilbert space H for T. Then MO[PyTM*] 7
= H o [M*]7. Moreover, [PyTM=*)p = M if and only if [M*]p = H.

Proof Suppose f € H S [M*]r. Then
fLTkmt
for all kK > 0. Obviously f € M. Since
TFPyTM* ¢ T*TM* — T*Py, . TM*
c Tt — TRt

we have f L TFPyTM* for all k > 0. Hence f € M and f L [Py/TM*]r, that is, f €
M © [Py TM™*]r. For the converse, suppose f € M © [Py/TM~*]r. Then

feM, fLTFPyTM*, k>o0. (3.2)
Noting that for k& > 1,

TFM* ¢ TF 1Py TM*Y + TF 1Py,  TM*
C TF 1Py TM* +TF 1M+,
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then by induction, we have

k
TEM*Y Y TR Py TM* + Mt
i=1
It follows from (3.2) that f L T*M= for all k > 0. We get that f € H © [M~*]r. The proof is
complete. O
In the last part of this paper, we consider the quasi-wandering property for T, on the
Hardy-Sobolev Spaces H3(D).
Since
o

en(z):ma TLZO

forms a canonical orthonormal basis for Hilbert space HE(D), then the reproducing kernel of
H; (D) is

w) = ngoen(z)en(w) = ,;O Arn®

Since K(0,0) = 1, in some open neighborhood of zero, we have

L S k—k
K(ow) = chz w
’ k=0
Because
= e = (Laste) (555
= Z,w) = ez w
we obtain that
Co — ]., ( )
Ck 3.3
— =0 >1
Set S =377, ckaka*k, Sy = chvzo ckaka*k. It is not difficult to check that
b ok 0, n <k,
TP () =8 (140)% e (3.4)
(1+n—Fk)2" "’ -

Lemma 3.5 For every polynomial P of H5(D), S(P) = P(0). Hence, S can be extended

continuously on Hé(ID)) as the evaluation functional at zero.

Proof When n > 1, by (3.3) and (3.4), for every monomial 2",
> xk
k=0
k xk
=Y aTPTI ()

k<n

1+n
k‘ 2ﬂ

’ﬂ

k<n
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— 1 28 n Ck
(1+n)7z kg;(l-ﬁ-n—k)?ﬁ

= O,
then S(P) = P(0), Hence, S can be extended continuously on H3(D) as the evaluation func-
tional at zero. O
Lemma 3.6 When N — oo, Sy — S(SOT) in Hg(]D)), That is, HSNf—SfHHg(]D)) — 0,Vf €
Proof Fix each f € H2, Ve > 0, there exists a polynomial P, such that
If = Pulls <e.

Set N > n, a direct calculation gives that

15 = Sn)flls < (S = Sn)Palls + [1(S = Sn)(f = Pn)lls
= Pn(0) = Pu(0) + [[(S = Sn)(f = Po)lls
< S = Snlllf = Palls
< (ISI+ IS IDIF = Palls
< Me,

where M is a constant. Then we have Sy — S(SOT). 0
We are now ready to prove the main result.

Theorem 3.7 Let M be a nontrivial invariant subspace of Hé(]]])) for TB. Then M = [PyT?
MJ-]TZ/; .

Proof In order to prove that M = [PMTEML]TE, by Lemma 3.4, we only need to prove that
Hj = [Ml]ng. If the claim is not true, that is, Hj # [ML]TZB, then there exists f € Hj with

xk
f#0,and f L [MJ-]TZB. Since f L TzﬁkMJ-(k > 0), we have 72" f € M. Since M is an
invariant subspace, then i
T8 f e M (k> 0).

We write f = > 7o arz"® with some a; # 0. Let h = Tzﬁ*if € M, h=>3;2,bxz", where by # 0.
Since for all N, Syh = Z,iv:o ckaka*kh € M, by Lemma 3.6, we have ||[Syh — Sh| — 0.
Noting that M is closed, by Lemma 3.5, we have Sh = by € M, which implies that H2 = M, a

contradiction. So the claim holds, the proof is completed. O
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