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Abstract In this paper, we consider two kinds of 2-Calabi–Yau triangulated categories with finitely
many indecomposable objects up to isomorphisms, called An,t = Db (KA(2t+1)(n+1)−3 )/τ t(n+1)−1 [1],
where n, t ≥ 1, and Dn,t = Db (KD2t(n+1) )/τ (n+1) ϕn , where n, t ≥ 1, and ϕ is induced by an automorphism of D2t(n+1) of order 2. Except the categories An,1 , they all contain non-zero maximal
rigid objects which are not cluster tilting. An,1 contain cluster tilting objects. We define the cluster
complex of An,t (resp. Dn,t ) by using the geometric description of cluster categories of type A (resp.
type D). We show that there is an isomorphism from the cluster complex of An,t (resp. Dn,t ) to the
cluster complex of root system of type Bn . In particular, the maximal rigid objects are isomorphic
to clusters. This yields a result proved recently by Buan–Palu–Reiten: Let RAn,t , resp. RDn,t , be
the full subcategory of An,t , resp. Dn,t , generated by the rigid objects. Then RAn,t  RAn,1 and
RDn,t  RAn,1 as additive categories, for all t ≥ 1.
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Introduction

Cluster algebras were ﬁrst introduced by Fomin and Zelevinsky [10], and further developed in a
series of papers [1, 11, 13]. The connection with representation of algebras was ﬁrst discovered
in [19], and then cluster categories were deﬁned in [4], as a categorical version of cluster algebras.
Cluster categories were associated with certain orbit categories and shown to be triangulated
in [16]. The cluster categories of ﬁnite type An were studied in [7]. There is a bijection between
the indecomposable objects and diagonals of (n + 3)-gon. Let Q be a ﬁnite quiver with no
oriented cycles, and CQ be the cluster category associated to Q. Then the indecomposable rigid
objects are in bijection with the cluster variables in the cluster algebra AQ associated to the
same quiver, and under this bijection the clusters correspond to the maximal rigid objects [8].
The cluster categories and the stable categories modΛ of preprojective algebras are both 2Calabi–Yau triangulated categories, and have cluster tilting objects or subcategories [4, 15, 16],
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which are important related to clusters of some cluster algebras. Inspired by this, cluster tilting
objects were investigated in [3], and the deﬁnition of cluster structure was given. It was shown
that the collection of maximal rigid objects in any ﬁnite Hom-ﬁnite 2-Calabi–Yau triangulated
category has a cluster structure if the quivers of their endomorphism rings do not have loops or
2-cycles. The cluster-tilting objects are closely related to a class of objects called maximal rigid
objects. Indeed, cluster-tilting objects are maximal rigid objects, but the converse is not true
in general [2, 5, 17]. For a connected 2-Calabi–Yau category, either all maximal rigid objects
are cluster tilting, or none of them are [23]. And if for a maximal rigid object M there are no
loops or 2-cycles in the quiver of End(M ), then M is cluster tilting [2, 21].
The concept of cluster structure was generalized in [5]. If the endomorphism rings of maximal rigid objects in a 2-Calabi–Yau triangulated category may have loops but no 2-cycles,
then the collection of maximal rigid objects has a cluster structure. For example, the cluster
category of a tube is a 2-Calabi–Yau triangulated category with non-zero maximal rigid objects
which are not cluster tilting, and the endomorphism ring of any maximal rigid object has no
2-cycles but has a loop. The collection of maximal rigid objects in cluster tube has a cluster
structure in the sense of [5], but does not satisfy the deﬁnition of the cluster structure in [3].
In this paper, we investigate two kinds of 2-Calabi–Yau triangulated categories with non-zero
maximal rigid objects which are not cluster tilting, called An,t = Db (KA(2t+1)(n+1)−3 )/τ t(n+1)−1
[1], where n ≥ 1 and t > 1, and Dn,t = Db (KD2t(n+1) )/τ (n+1) ϕn , where n, t ≥ 1, and ϕ is induced by an automorphism of D2t(n+1) of order 2 [6]. Note that An,1 are ﬁnite 2-Calabi–Yau
triangulated categories with cluster tilting objects [6]. We show that the set of maximal rigid
objects in An,t (resp. Dn,t ) forms a cluster structure in the sense of [5]. Using the geometric
description of cluster categories of type A (resp. type D), we show that the indecomposable
rigid objects in An,t (contain An,1 ) (resp. Dn,t ) are in bijection with the cluster variables of a
cluster algebra of Bn , and under this bijection, the maximal rigid objects correspond to clusters.
This yields a result proved recently in [6]: Let RAn,t , resp. RDn,t , be the full subcategory of
An,t , resp. Dn,t , generated by the rigid objects. Then RAn,t  RAn,1 and RDn,t  RAn,1 as
additive categories, for all t ≥ 1.
This paper is organized as follows: In Section 2, we recall the deﬁnition of cluster structure
in the sense of [5] and some related results. In Section 3, we show that the set of maximal
rigid objects in An,t forms a cluster structure in the ﬁrst subsection, and do the same thing for
Dn,t in the second subsection. In Section 4, we deﬁne the cluster complex of An,t (resp. Dn,t ),
denoted by Δ(An,t ) (resp. Δ(Dn,t )), and show that there is an isomorphism from Δ(An,t )
(resp. Δ(Dn,t )) to the cluster complex of root system of type Bn . In particular, the maximal
rigid objects are isomorphic to clusters.
Notation Unless stated otherwise, K will be an algebraically closed ﬁeld of characteristic
zero. Our categories will be assumed to be K-linear, Hom-ﬁnite, Krull-Remark-Schmidt additive categories. We say C is a ﬁnite triangulated category if it contains only ﬁnitely many
indecomposable objects up to isomorphisms. In a triangulated category, we use Ext1 (X, Y ) to
denote Hom(X, Y [1]), where [1] is the shift functor of the triangulated category.
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Definition 2.1 A triangulated category C is called 2-Calabi–Y au (shortly 2-CY) provided
there is a functorially isomorphism
HomC (X, Y )  DHomC (Y, X[2]), for all X, Y ∈ C, where D = HomK (−, K).
Definition 2.2
an object in C.

Let C be a triangulated category. Suppose T is a subcategory of C, and T is

(1) T is called rigid if Ext1C (T , T ) = 0. T is called maximal rigid if T is maximal with
respect to this property, i.e., if Ext1C (T ⊕ add M, T ⊕ add M ) = 0, then M ∈ add T .
(2) T is called a rigid object if add T is rigid. T is maximal rigid if add T is maximal rigid.
(3) A functorially ﬁnite subcategory T is called cluster tilting if T = {X ∈ C|Ext1C (X, T ) =
0} = {X ∈ C|Ext1C (T , X) = 0}. An object T is a cluster tilting object if add T is a cluster
tilting subcategory.
Lemma 2.3 ([6, Proposition 2.2]) The standard, ﬁnite 2-CY, triangulated categories with
non-zero maximal rigid objects which are not cluster tilting are exactly the orbit categories :
• (Type A) An,t = Db (KA(2t+1)(n+1)−3 )/τ t(n+1)−1 [1], where n ≥ 1 and t > 1;
• (Type D) Dn,t = Db (KD2t(n+1) )/τ (n+1) ϕn , where n, t ≥ 1, and where ϕ is induced by an
automorphism of D2t(n+1) of order 2;
• (Type E) Db (KE7 )/τ 2 and Db (KE7 )/τ 5 .
In this paper, we mainly consider the categories An,t and Dn,t . Note that An,1 are 2-CY
triangulated categories with cluster tilting objects when t = 1 [6], and every cluster tilting
object is maximal rigid by deﬁnition. The categories we considered below include the case in
An,t with t = 1.
Let C be a ﬁnite 2-CY triangulated category of Dynkin type with maximal rigid objects, and
denote the set of maximal rigid objects in C by T . We recall the deﬁnition of cluster structure
based on [5], We say T has a weak cluster structure if the following conditions are satisﬁed:
(a) For each T ∈ T , T = T1 ⊕ · · · ⊕ Tn with all Ti indecomposable. For an i ∈ {1, . . . , n},

write T̄ = j=i Tj , there exists a unique indecomposable object Ti∗  Ti such that T ∗ = T̄ ⊕Ti∗
is in T .
fi

gi

s

t

i
(b) Ti and Ti∗ are related by two triangles Ti∗ → Ui → Ti → and Ti →i Ui →
Ti∗ →
where fi and si are minimal left add T̄ -approximations, and gi and ti are minimal right add T̄ approximations. The two triangles above are called exchange triangles.

Assume that T has a weak cluster structure. For each T in T , we deﬁne a matrix BT = (bij )
as follows:

bij = αij
− αij ,

where αij
denotes the multiplicity of Tj as a direct summand of Ui and αij denotes the multiplicity of Tj as a direct summand of Ui .

For a matrix B = (bij ), recall Fomin–Zelevinsky matrix mutation. For any k ∈ {1, 2, . . . , n},
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the mutation μk (B) = (bij ) of B at direction k is given by
⎧
⎨ −b ,
i = k or j = k,
ij
bij =
|b
|b
+b
|b
|
ik
kj
ik
kj
⎩ bij +
,
otherwise.
2

Definition 2.4 ([5]) The notations are as above. We say T has a cluster structure, if T has
a weak cluster structure, and in addition the following conditions are met :
(c) Ui and Ui have no common direct summands.
(d) BT and BT ∗ are related by Fomin–Zelevinsky matrix mutation at i.
In this case, we call the elements of T clusters. The condition (c) above can be interpreted
as the endomorphism rings of the clusters have Gabriel quivers which do not have 2-cycles.
Proposition 2.5 ([5]) Let C be a Hom-ﬁnite 2-CY triangulated category, and let T be the
collection of maximal rigid objects in C. Assume that T is non-empty, and the endomorphism
rings of the clusters have no 2-cycles. Then T has a cluster structure.
3

Cluster Structures in An,t and Dn,t

In this section, we show the set of maximal rigid objects in An,t (resp. Dn,t ) has a cluster
structure.
3.1 Cluster Structures in An,t
Let CAN −3 be the cluster category of type AN −3 , where N = (2t + 1)(n + 1). By the universal
property of orbit categories [16], also by the proof of Lemma 2.4 in [6], we know that there
exists a covering functor π : CAN −3 → An,t . Write F = τ t(n+1) , then F : CAN −3 → CAN −3 is an
autoequivalence. Since τ N −2 = [−2] in Db (AN −3 ) by [16] and τ = [1] in CAN −3 , τ is of order N
and τ n+1 is of order 2t + 1 in CAN −3 . Moreover, gcd(t, 2t + 1) = 1 implies that F = τ t(n+1) is
also of order 2t + 1, so the groups generated by F and by τ n+1 are the same, i.e., F  = τ n+1 .
Therefore, An,t can be seen as the orbit category CAN −3 /τ n+1 .
Let P be an N -gon with a distinguished oriented edge, where N = (2t + 1)(n + 1). A
diagonal is a set of two non-neighbouring vertices {α, β}. Two diagonals {α1 , α2 } and {β1 , β2 }
cross if their end points are all distinct and come in the order α1 , β1 , α2 , β2 when moving
around the polygon in one direction or the other.
There is a bijection between indecomposable objects of CAN −3 and diagonals of N -gon P .
The Auslander–Reiten translation τ acts on diagonal is rotation by one vertex [7]. We have
⎧
⎨ 1,
if a and b cross,
dim Ext1CA
(a, b) =
N −3
⎩ 0,
otherwise.
Since CAN −3 has only ﬁnitely many indecomposable objects, any subcategory of CAN −3 closed
under direct sums and direct summands is completely determined by the set of indecomposable
objects it contains. Then the bijection between indecomposable objects of CAN −3 and diagonals
of P extends to a bijection between subcategories of CAN −3 closed under direct sums and direct
summands and sets of diagonals of P .
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Definition 3.1 (1) Let X be a subcategory of a triangulated category C, and F : C → C be an
autoequivalence. X is called an F -periodic if F X = X .
(2) Let U be a set of diagonals in the N -gon P . Fix a positive integer k|N , and N = k
for some integer . U is called a k-periodic collection of diagonals of P if for each diagonal
(i, j) ∈ U, all diagonals (i + kr, j + kr) (modulo N ) for 1 ≤ r ≤  are in U.
For any subcategory X in An,t , the preimage under the covering functor π corresponds to

 = π −1 (X ) in CA
 corresponds
an F -periodic subcategory X
. Moreover, the subcategory X
N −3
to a set of diagonals of N -gon P by the discussion above, we still denote the corresponding set
. Since F = τ n+1 , the corresponding set of diagonals is (n + 1)-periodic. In
of diagonals by X
the rest of the paper, we always use a coordinate (i, j) to represent an indecomposable object
of CAN −3 and [(i, j)] to represent the image under the functor π.
Lemma 3.2

There is a bijection between the following sets :

(1) Subcategories X of An,t ;
 of the N-gon P which are (n + 1)-periodic.
(2) Collections of diagonals X
Lemma 3.3 ([6, Lemma 2.4]) (1) The isomorphism classes of indecomposable rigid objects in
An,t are parametrised by the arcs [(i, i + 2)], . . . , [(i, i + n + 1)] for i = 1, . . . , n + 1.
(2) The maximal non-crossing (n + 1)-periodic collections of (2t + 1)(n + 1)-gon correspond
to isoclasses of basic maximal rigid objects.
The object [(1, 3)] ⊕ · · · ⊕ [(1, n + 2)] is a maximal rigid object, its endomorphism algebra
is the path algebra of the quiver
1

/2

/3

n−1

/ne

α

modulo the ideal generated by α2 , by Corollary 2.7 in [6]. For this maximal rigid object, the
endomorphism ring of Gabriel quiver does not have 2-cycles. More generally, we show that it
holds for any maximal rigid object in An,t in the following.
Theorem 3.4

The set of maximal rigid objects in An,t has a cluster structure.

Proof By Proposition 2.5 and the fact An,t is a Hom-ﬁnite 2-Calabi–Yau triangulated category,
we only need to show that for any maximal rigid object T in An,t , there are no 2-cycles in
the quiver of EndAn,t (T ). Equivalently, let X and Y be two non-isomorphic indecomposable
summands of T , we have to show it is impossible that HomAn,t (X, Y ) and HomAn,t (Y, X) are
both non-zero.
Without loss of generality, suppose T is a maximal rigid object with indecomposable summand T1 = [(1, n + 2)] of maximal length. Note that for any indecomposable rigid object [(i, j)],
we can always choose a representative (i, j) such that 1 ≤ i ≤ n + 1, and 3 ≤ j ≤ 2(n + 1). Since
X and Y are indecomposable, we assume X = (k, ) and Y = (a, b), then Y [−1] = (a + 1, b + 1),
and Y [1] = (a − 1, b − 1). By the AR-quiver of An,t , both X and Y are overarched by T1 .
HomAn,t (X, Y ) = Ext1An,t (X, Y [−1])  DExt1An,t (Y [−1], X) since An,t is 2-CY, and HomAn,t
(Y, X) = Ext1An,t (Y, X[−1])  Ext1An,t (Y [1], X). Then we claim that Ext1An,t (Y [−1], X) and
Ext1An,t (Y [1], X) cannot be non-zero at the same time. By the correspondence of objects in
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An,t and the diagonals of N -gon P which are (n + 1)-periodic, and Ext1An,t (Y, X) = 0 =
Ext1An,t (X, Y ) = 0, since T is rigid, we have three cases:
(1) Y is overarched by X, then k ≤ a < b ≤ , see Figure 1. In this case, if Ext1An,t (Y [−1], X)
= 0, then b = . Since Y and X are two diﬀerent objects, this implies a is strictly bigger than
k, so Y [1] and X do not cross, that is, Ext1An,t (Y [1], X) = 0.
(2) Y is in the counterclockwise direction of X, then 1 ≤ a < b ≤ k, see Figure 2. If
1
ExtAn,t (Y [−1], X) = 0, then b must equal to k and a > 1 since Y and X are two diﬀerent
objects, this implies Ext1An,t (Y [1], X) = 0.
(3) Y is in the clockwise direction of X, then  ≤ a < b ≤ n + 2, see Figure 3. If
Ext1An,t (Y [−1], X) = 0, then b = n + 2 = k and a > . This shows Y [1] does not cross with X.

•

4n + 5

1
•

•

•

k
•

•

•

•

•

•
•

•
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•
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Y is in the clockwise direction of X
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3.2 Cluster Structures in Dn,t
Similarly, we show the set of maximal rigid objects in Dn,t has a cluster structure.
Let u = 2t(n + 1), where n ≥ 1, t ≥ 1, and CDu be the cluster category of type Du . Then
Dn,t = Db (KDu )/τ n+1 ϕn , where ϕ is induced by an automorphism of Du of order 2. In the
proof of Lemma 2.9 in [6], we know that there exists a covering functor π : CDu → Dn,t .
Write F := τ (n+1) ϕn . Then F : CDu → CDu can be seen an autoequivalence and Dn,t
can be seen as the orbit categories CDu /F . since τ −u+1 = [1] in Db (KDu ) by [20], we have
τ −2t(n+1) = 1 = τ 2t(n+1) in CD , so π is a 2t-covering functor and obviously a triangle functor.
For the cluster category CDu , there is a geometric description [20], let us recall the details
for convenience of the readers.
For any n ≥ 1, we consider a regular 2n-gon P , we label the vertices of P clockwise
by 1, 2, . . . , 2n consecutively. In our arguments below vertices will also be numbered by some
r ∈ N which might not be in the range 1 ≤ r ≤ 2n; in this case the numbering of vertices always
has to be taken modulo 2n.
An arc in P is a set {i, j} of vertices of P with j ∈ {i − 1, i, i + 1}, i.e., i and j are diﬀerent
and non-neighboring vertices. The arcs connecting two opposite vertices i and i + n are called
diameters. We need two diﬀerent copies of each of these diameters and denote them by {i, i+n}g
and {i, i + n}r respectively, where 1 ≤ i ≤ 2n. The indices indicate that these diameters are
coloured in the colours green and red respectively, which is a convenient way to think about
and to visualize the diameters. By a slight abuse of notation, we sometimes omit the indices
and just write {i, i + n} for diameters, to avoid cumbersome deﬁnitions or statements.
Any arc in P which is not a diameter is of the form {i, j} where j ∈ [i + 2, i + n − 1]; here
[i+2, i+n−1] stands for the set of vertices of the 2n-gon P which are met when going clockwise
from i + 2 to i + n − 1 on the boundary of P . See Figure 4 for an example, for better visibility
we draw the red diameters in a wavelike form and the green ones as straight lines.
1
•
6•
• 2

5

•
•
•
4

Figure 4

3

Diameters and non-diameter arcs in 6-gon P

Such an arc has a partner arc {i + n, j + n} which is obtained from {i, j} by a rotation by
180 degrees. We denote the pair of arcs {{i, j}, {i + n, j + n}} by {i, j} throughout this paper.
The indecomposable objects in CDn are in bijection with the union of the set of pairs {i, j} of
non-diameter arcs and the set of diameters {i, i + n}g and {i, i + n}r in two diﬀerent colours.
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This bijection extends to subcategories of CDn closed under direct sums and direct summands
and collections of arcs of 2n-gon.
For the pairs of non-diameter arcs {i, j} the corresponding indecomposable object has coordinates (i, j); note that the coordinates are only determined modulo n so both arcs {i, j} and
{i + n, j + n} in the pair {i, j} yield the same coordinate in the Auslander–Reiten quiver of
CDn . The action of τ on arcs is rotation by one vertex.
Back to our consideration, for a coordinate (i, j) corresponding to an indecomposable object
of CDu , we denote [(i, j)] by the image under the covering functor π, then [(i, j)] determines
an indecomposable object of Dn,t . For any subcategory X in Dn,t , the preimage under the
 = π −1 (X ) in CD . Moreover,
covering functor π corresponds to an F -periodic subcategory X
u

the subcategory X corresponds to a set of arcs of 2u-gon by the discussion above, and we still
.
denote the corresponding set of arcs by X
Lemma 3.5

There are bijections between the following sets :

(1) Subcategories X of Dn,t ;
 of the 2u-gon P which are F -periodic.
(2) Collections of arcs X
Definition 3.6 ([14]) (a) We say that two non-diameter arcs {i, j} and {k, } cross precisely
if the elements i, j, k,  are all distinct and come in the order i, k, j,  when moving around the
2n-gon P in one direction or the other (i.e., counterclockwise or clockwise). In particular, the
two arcs in {i, j} do not cross.
Similarly, in the case j = i + n, the above condition deﬁnes when a diameter {i, i + n}g (or
{i, i + n}r ) crosses the non-diameter arc {k, }.
(b) We say that two pairs {i, j} and {k, } of non-diameter arcs cross if there exist two arcs
in these two pairs which cross in the sense of part (a). (Note that then necessarily the other
two rotated arcs also cross.)
Similarly, the diameter {i, i + n}g (or {i, i + n}r ) crosses the pair {k, } of non-diameter
arcs if it crosses one of the arcs in {k, }. (Note that it then necessarily crosses both arcs in
{k, }.)
(c) Two diameters {i, i + n}g and {j, j + n}r of diﬀerent colour cross if j ∈ {i, i + n}, i.e.,
if they have diﬀerent endpoints. But {i, i + n}g and {i, i + n}r do not cross. Moreover, any
diameters of the same colour do not cross.
Suppose X and Y are two indecomposable objects in CDn , {i, j} and {k, } are the corresponding arcs in 2n-gon P . Then ExtCDn (X, Y ) = 0 if and only if {i, j} and {k, } do not
cross.
Lemma 3.7 ([6, Lemma 2.9]) (1) The isomorphism classes of indecomposable rigid objects in
Dn,t are parametrised by the arcs [(i, i + 2)], . . . , [(i, i + n + 1)] for i = 1, . . . , n + 1.
(2) The maximal non-crossing F -periodic collections of 4t(n+1)-gon correspond to isoclasses
of basic maximal rigid objects, here F = τ n+1 ϕn .
Theorem 3.8
Proof

The set of maximal rigid objects in Dn,t has a cluster structure.

Note that any diameter in Dn,t is not a rigid object by Lemma 3.7, and condition (a)
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in Deﬁnition 3.6 coincides with the crossing condition in type A, then the proof is similar as
Theorem 3.4.
2
4

Relationship to Type B Cluster Algebra

In this section, we deﬁne the cluster complex Δ(An,t ) associated to An,t , and give an isomorphism from Δ(An,t ) to the cluster complex of root system of Bn , we also do the same thing for
Dn,t .
A cluster algebra is of ﬁnite type if and only if the Cartan counterpart of the principle part
of one of its seeds is a cartan matrix of ﬁnite type by [11]. Cluster complexes were deﬁned
in [12] for ﬁnite root systems. They were realized via decorated quiver representations [19], and
later via cluster categories of the corresponding quivers [4, 22]. Cluster complex associated to
the cluster tube Cn of rank n (denoted by Δ(Cn )) was deﬁned in [24], and it was proved that
there is an isomorphism between Δ(Cn ) and the cluster complex of root system of Cn−1 .
We recall the cluster complex associated to any ﬁnite root system from [12]. Let Φ be any
ﬁnite root system with simple roots α1 , . . . , αn and Φ≥−1 be the set of almost positive roots
in Φ, that is, the union of positive roots with negative simple roots. According to [12], there
exists a unique function
Φ≥−1 × Φ≥−1 → Z≥0 ,
(α, β) −→ (α||β)
called the compatibility degree, by (α||β) = [Y [α] + 1]trop (β). This notation means evaluating
the “tropical specialization” of the Laurent polynomial Y [α] + 1. A pair of roots α, β in Φ≥−1
are compatible if (α||β) = 0 (or equivalently (β||α) = 0). The cluster complex Δ(Φ) associated to Φ is a simplicial complex, the set of vertices is Φ≥−1 and the simplices are mutually
compatible subset of Φ≥−1 , the maximal mutually compatible subsets are called clusters. This
combinatorial object has many interesting properties and applications; we refer the reader to
the survey [9] for further reading.
For the categories An,t (resp. Dn,t ), we call a set of indecomposable objects a rigid subset,
provided the direct sum of all indecomposable objects in this set is rigid. Now we deﬁne a
simplicial complex associated to An,t (resp. Dn,t ).
Definition 4.1 The cluster complex Δ(An,t ) associated to An,t is a simplicial complex whose
vertices are the isoclasses of indecomposable rigid objects and whose simplices are the isoclasses
of rigid subsets of An,t . Similarly, we can deﬁne the cluster complex Δ(Dn,t ) associated to Dn,t .
Let Gn denote a regular (2n+2)-gon. We label the vertices of Gn clockwise by 1, 2, . . . , 2n+2
consecutively. In our arguments below vertices will also be numbered by some r ∈ N which
might not be in the range 1 ≤ r ≤ 2n + 2; in this case the numbering of vertices always has to
be taken modulo 2n + 2.
A diagonal in Gn is a set [a, b] of vertices of Gn with b ∈ {a − 1, a, a + 1}, i.e., a and b
are diﬀerent and non-neighboring vertices. In particular, the diagonal connecting two opposite
vertices a and a + n + 1 is called a diameter. Thus [a, b] = [b, a], and the centrally symmetric
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pairs of diagonals are given as ([a, b], [a+n+1, b+n+1]). Since this pair is uniquely determined
by each other, we will sometimes denote the pair by one of its representatives. We shall use the
term “cross” to mean “intersect inside the polygon”.
Let Φ≥−1 be the almost positive roots of Bn . By [12], Φ≥−1 are in bijection with the sets
of centrally symmetric pairs of diagonals of Gn , where the diameters are included as degenerate
pairs. Under this bijection, compatible sets are collections of mutually non-crossing diagonals.
In particular, the clusters correspond to the centrally symmetric triangulations of Gn .
Note that for any indecomposable rigid object [(a, b)] in An,t , we can always choose the representative (a, b) such that 1 ≤ a ≤ n + 1. Now, we deﬁne a nature map δ, from indecomposable
rigid objects in An,t to the centrally symmetric pairs of diagonals in Gn as follows:
δ : (a, b) → ([a, b], [a + n + 1, b + n + 1]).
Note that under this map, the rigid objects with the same level in the AR-quiver of An,t
correspond to the diagonals with the same length, and the rigid objects (i, i + n + 1) with
maximal length, where 1 ≤ i ≤ n + 1, correspond to the diameters, see Figure 5 for an example.

·
··

·
··

···

Figure 5

·
··

···

The AR-quiver of A2,2 , with the indecomposable rigid objects replaced by their images
under the map δ

We denote IndrAn,t (resp. IndrDn,t ) the set of indecomposable rigid objects in An,t (resp.
Dn,t ).
Lemma 4.2 The map δ deﬁned above is an isomorphism from IndrAn,t to the set of centrally
symmetric pairs of diagonals of Gn .
Proof For any indecomposable rigid object (a, b) in An,t with 1 ≤ a ≤ n+1, since b−a ≤ n+1,
δ((a, b)) = ([a, b], [a+n+1, b+n+1]) is a centrally symmetric pair of diagonals in Gn . Since both
IndrAn,t and the set of centrally symmetric pairs of diagonals of Gn are ﬁnite sets, it is enough to
show δ is epic. For any centrally symmetric pair of diagonals ([a, b], [a+n+1, b+n+1]) in Gn , we
can choose one of its representatives [a, b] such that 1 ≤ a ≤ n+1 and b−a ≤ n+1. This means
(a, b) is an indecomposable rigid object in An,t , that is, δ((a, b)) = ([a, b], [a+n+1, b+n+1]). 2
Observation We can see from the above proof that for two indecomposable rigid objects
T1 = (a, b) and T2 = (c, d) in An,t , ExtAn,t (T1 , T2 ) = 0 if and only if δ(a, b) and δ(c, d) do not
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cross.
Theorem 4.3 Let ΦB be the root system of Bn . Then there is an isomorphism from the
cluster complex Δ(An,t ) to the cluster complex Δ(ΦB ), which sends vertices to vertices, and
simplices to simplices. In particular, the maximal rigid objects correspond to the clusters.
Proof
Φ≥−1 VVV
VVVV
O
VVVV 1−1
VVVV
VVVV
VVV+
δ
/
IndrAn,t
{Centrally symmetric pairs of diagonals of Gn }
From Lemma 4.2, δ induces an isomorphism from IndrAn,t to Φ≥−1 . That is, Δ(An,t )  Δ(ΦB ),
and sends vertices to vertices. We only need to show that the image under δ of a maximal rigid
object coincides with a set of pairs of diagonals which form a centrally symmetric triangulation
of Gn . This is clear by Lemma 4.2 and the above observation.
2
We have a similar conclusion for Dn,t , here we just skip the proof.
Theorem 4.4 Let ΦB be the root system of Bn . Then there is an isomorphism from the
cluster complex Δ(Dn,t ) to the cluster complex Δ(ΦB ), which sends vertices to vertices, and
simplices to simplices. In particular, the maximal rigid objects correspond to the clusters.
Let RAn,t , resp. RDn,t , be the full subcategory of An,t , resp. Dn,t , generated by the rigid
objects. Combing Theorem 4.3 and Theorem 4.4, we have the following corollary.
Corollary 4.5 ([6, Proposition 3.2])
gories :

For all t ≥ 1, there are equivalences of additive cate-

(1) RAn,t  RAn,1 ,
(2) RDn,t  RAn,1 .
Remark 4.6 Let D be a 2-CY triangulated category considered in the paper and let C be a
cluster tube with certain rank. Denote by RC (resp. RD ) the full subcategory of C (resp. D)
generated by the rigid objects. By the proof of [6, Proposition 3.2] and the description of the
cluster tube in [5], one can check that C and D satisfy the assumption of [6, Lemma 3.1]. It
follows that there is an isomorphism from RC to RD , which commutes with shifts on objects
and irreducible morphisms. Hence D and C have the same cluster structure and the same cluster
complex. See [5, 6, 24] for details.
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