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√
Abstract The field K = Q( −7) is the only imaginary quadratic field with class number 1, in which
the prime 2 splits, and we fix one of the primes p of K lying above 2. The modular elliptic curve
X0 (49) has complex multiplication by the maximal order O of K, and we let E be the twist of X0 (49)
√
by the quadratic extension K( M )/K, where M is any square free element of O with M ≡ 1 mod 4
and (M, 7) = 1. In the present note, we use surprisingly simple algebraic arguments to prove a sharp
estimate for the rank of the Mordell-Weil group modulo torsion of E over the field F∞ = K(Ep ∞ ),
where Ep ∞ denotes the group of p∞ -division points on E. Moreover, writing B for the twist of X0 (49)
√
by K( 4 −7)/K, our Iwasawa-theoretic arguments also show that the weak form of the conjecture of
Birch and Swinnerton-Dyer implies the non-vanishing at s = 1 of the complex L-series of B over every
finite layer of the unique Z2 -extension of K unramified outside p. We hope to give a proof of this last
non-vanishing assertion in a subsequent paper.
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Introduction

Let A be the modular curve X0 (49). It is an elliptic curve deﬁned over Q, with global minimal
generalized Weierstrass equation given by
y 2 + xy = x3 − x2 − 2x − 1,

(1.1)

having discriminant −73 and j-invariant −33 · 53 . This curve has complex multiplication by
√
the full ring of integers O of the ﬁeld K = Q( −7). It has good ordinary reduction at the
prime 2, Since 2 splits in K, and we put 2O = pp∗ . There are many reasons underlying folklore
which regards A as the simplest of all elliptic curves deﬁned over Q from the arithmetic point
of view, and the aim of the present note is to provide further evidence for this. Let M denote
the set of all non-zero square free elements of O with M ≡ 1 mod 4, and (M, 7) = 1. In this
note, we shall be concerned with the Iwasawa theory at the neglected prime p = 2 of the
family consisting of all elliptic curves E = A(M ) , which are quadratic twists of A by quadratic
√
extensions of K of the form K( M )/K, with M ∈ M. Thus the set B(E) of primes of bad
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√
reduction for E/K consists of ( −7) and the primes of K dividing M . We shall show that one
can prove, by simple purely algebraic arguments, a surprisingly strong estimate for the rank of
E(K∞ ) modulo torsion over the unique Z2 -extension K∞ of K unramiﬁed outside p, as well
as a vanishing theorem for the Iwasawa μ-invariant of the related Selmer group. We feel that
results of this kind are of interest, because again traditional folklore includes a feeling that
every major arithmetic phenomena occurring in the family of all elliptic curves deﬁned over a
number ﬁeld probably already occurs in the family of all quadratic twists of any ﬁxed elliptic
curve deﬁned over the same number ﬁeld.
Let E = A(M ) for any M ∈ M, and write ψE/K for Deuring’s Grossencharacter of E/K. If
a is any non-zero ideal of O, we write Ea for the Galois module of a-division points on E. We

ﬁx any of the primes p of K lying above 2, and deﬁne Ep∞ = n≥1 Epn . Also, let Op = Z2 be
the ring of integers of the completion of K at p. As above, let K∞ be the unique Z2 -extension
of K unramiﬁed outside p, and deﬁne
F = K(Ep2 ),

F∞ = F (Ep∞ ) = F K∞ ,

G = Gal(F∞ /K).

Since E has good reduction at p, the theory of complex multiplication shows that the formal
group of E at p is a Lubin–Tate group over Op for the local parameter ψE/K (p), whence it
follows immediately that p is totally ramiﬁed in F∞ , and that the character χp : G → Op× giving
the action of G on Ep∞ is an isomorphism. In particular, we see that there is also a unique
prime of K∞ above p. Let R∞ be the maximal abelian 2-extension of F∞ , which is unramiﬁed
outside the unique prime of F∞ lying above p, and write
X∞ = Gal(R∞ /F∞ ).
In fact, old work of Wiles and the second author [1] shows that the p∞ -Selmer group of E over
F∞ is equal to Hom(X∞ , Ep∞ ), and that E(F∞ ) modulo torsion is a ﬁnitely generated abelian
group. It is easily seen that there are only ﬁnitely many primes of F∞ lying above every prime
of K, and we now prove the following more precise result by simple algebraic arguments.
Theorem 1.1 For all M ∈ M, the Galois group X∞ = Gal(R∞ /F∞ ) is a free finitely generated Z2 -module, of rank at most equal to the number of primes of K∞ dividing M . In particular,
the O-rank of E(F∞ ) modulo torsion is at most equal to the number of primes of K∞ dividing M .
We ﬁrst remark that this seems to be the only general assertion about μ = 0 which we
know in Iwasawa theory at present, whose proof is not analytic. Note also that, when E = A,
the theorem shows immediately that X∞ = 0, proving that A(F∞ ) is torsion, and also that
X(A/F∞ )(p) = 0 since the torsion subgroup of X∞ is zero. In fact, it is easy to see that we
must then have A(F∞ ) = Ap∗ ⊕ Ap∞ .
Corollary 1.2 Assume that M is a non-zero square free rational integer ≡ 1 mod 4, which
is such that every prime factor q of M satisfies
(i) q ≡ 3, 5, 6 mod 7, and
(ii) q ≡ 3, 5 mod 8.
Then the O-rank of E(F∞ ) modulo torsion is at most equal to the number of rational prime
factors of M .
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Indeed, it is a simple exercise in algebraic number theory to verify that, under the hypotheses
of the corollary, every rational prime q dividing M is in fact inert in the ﬁeld K∞ .
Example 1.3 The numerical date given in the following examples has been found using
MAGMA. Take M = 57 = 3 · 19, and E = A(57) . We then have rE/K = 4. Now a classical 2descent shows [2] that E(Q) modulo torsion has Z-rank at most 2. A global minimal Weierstrass
equation for E is given by
y 2 + xy = x3 − x2 − 7107x − 281800,
and two independent points of inﬁnite order in E(Q) are
P1 = (424, 8320),

P2 = (1975/4, 84335/8).

Thus E(Q) has Z-rank 2. Similarly, if we take M = 681 = 3 · 227, and E = A(681) , we have
rE/K = 4. Again a classical 2-descent shows [2] that E(Q) modulo torsion has Z-rank at most 2.
A global minimal Weierstrass equation for E is given by
y 2 + xy = x3 − x2 − 1014477x − 483347656,
and we ﬁnd the following two independent points of inﬁnite order in E(Q).
P1 = (15391912/6561, −53883786916/531441),

P2 = (1634764/1369, −163596026/50653).

Thus again E(Q) has Z-rank 2. In both of these examples, the O-rank of E(K) is 2, and
X(E/K)(2) = 0. Moreover, the above corollary then shows that E(F∞ ) modulo torsion also
has O-rank 2. In addition, since X∞ has no non-trivial torsion subgroup, we conclude from the
above theorem that X(E/F∞ )(p) = 0. Finally, we take M = 741 = 3 · 13 · 19 and E = A(741) .
Again we have rE/K = 4. A classical 2-descent shows [2] that E(Q) modulo torsion has Zrank at most 2, and that if the rank is 2, then X(E/Q)(2) = 0. A global minimal Weierstrass
equation for E is given by
y 2 + xy + y = x3 − x2 − 1201115x − 622717910,
and two independent point of inﬁnite order are
P1 = (63754/25, 14034448/125),

P2 = (87385/9, 25525813/27).

Hence E(Q) has Z-rank 2, and X(E/Q)(2) = 0, whence E(K) has O-rank 2, and X(E/K)(2) =
0. However, since M now has three prime factors which are all inert in K∞ , we can only conclude
from the above corollary that the E(F∞ ) has O-rank equal to 2 or 3, and that X(E/F∞ )(p) is
either 0 or a single copy of Q2 /Z2 . It does not seem easy to decide what is the actual arithmetic
data for E over F∞ .
For each n ≥ 0, let Fn = K(Epn+2 ), and let Kn be the unique sub-extension of K∞ /K of
degree 2n over K. It is easily seen that Fn = F Kn . Let gE/Fn (resp. gE/Kn ) be the Z-rank of
E(Fn ) (resp. E(Kn )) modulo torsion.
Theorem 1.4

For all M ∈ M and all n ≥ 0, we have gE/Fn = gE/Kn .

Let L(E/Fn , s) (resp. L(E/Kn , s)) be the complex L-series of E/Fn (resp. E/Kn ). We
denote by rE/Fn (resp. rE/Kn ) the order of zero at s = 1 of L(E/Fn , s) (resp. L(E/Kn , s)). In
view of the above theorem and the conjecture of Birch and Swinnerton-Dyer, it is natural to
conjecture that rE/Fn = rE/Kn for all n ≥ 0. At present, we can only prove this for n = 0.
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Theorem 1.5

For all M ∈ M, we have rE/F = rE/K .

We believe that a further analytic study of the 2-adic Iwasawa theory of E/F∞ should
enable to prove that rE/Fn = rE/Kn for all n ≥ 0. Of course, it is impossible in our present
state of knowledge to hope to be able to prove that rE/Fn = gE/Fn for all n ≥ 0, even though
it is predicted by the conjecture of Birch and Swinnerton-Dyer.
Throughout the rest of this paper, E = A(M ) will denote any quadratic twist of A with
M ∈ M. We recall that G = Gal(F∞ /K), and that the character χp deﬁnes an isomorphism
from G onto Op× . Hence
G = Δ × Γ.

(1.2)

Here Δ = Gal(F∞ /K∞ ) is cyclic of order 2 and Γ = Gal(F∞ /F ) is isomorphic to Z2 . Finally,
α will always denote the unique square root of −7 such that p = ηO, where η = 1−α
2 . We also
ﬁx an embedding of K into C.
2

Main Arguments

Lemma 2.1

E has good reduction everywhere over F .

Proof The proof is best explained using the Serre–Tate homomorphisms, which are deﬁned
in [5]. Let FA× (resp. KA× ) be the idele group of F (resp. K), and let E/F (resp. E/K ) be the
Serre–Tate homomorphism from FA× to K × (resp. KA× to K × ), so that E/F = E/K ◦ NF/K ,
where NF/K : FA× → KA× is the norm map. By hypothesis, E has good reduction at all places
of F above 2. Let w be any place of F not lying above 2, and let Uw be the group of units
of the ring of integers of the completion Fw of F at w. As is shown in [5], E will have good
reduction at w if and only if E/F (Uw ) = 1. But E/F (Uw ) = E/K (Jv ), where v denotes the
place of K below w, and Jv denotes the local norm from Fw to Kv of Uw . Let Gab
K denote
be
Artin’s
the Galois group of the maximal abelian extension of K, and let ξK : KA× → Gab
K
global reciprocity map. Note that ξK (Jv ) ﬁxes F . Since E has complex multiplication, it has
potential good reduction at all places of K. Hence, since v does not lie above 2, the criterion of
Neron–Ogg–Shafarevich tells us that, for each β in the group of local units at v, we must have
that χp (ξK (β)) is a root of unity. Now assume that β lies in Jv , so that ξK (β) ﬁxes F , and
thus we must have that χp (ξK (β)) belongs to 1 + π 2 Op , where π is a local parameter at p. But
1 + π 2 Op contains no non-trivial roots of unity, whence necessarily χp (ξK (β)) = 1, which in
turn implies that ξK (β) = 1, and the proof that E has good reduction at w is now complete. 
√
Lemma 2.2 We have F = K( −αM ), where, as above, p = ( 1−α
2 )O.
√
Proof A simple computation shows that K(A[4]) = K(i, α), and K(Ap2 )/K is then the
unique quadratic sub-extension in which p and αO are the only ramiﬁed primes. Since
ordp∗ (−α − 1) = 2,

ordp (−α − 1) = 1,

√
we see that p∗ is unramiﬁed, but p and αO are both ramiﬁed in the extension K( −α)/K.
√
√
√
Hence K(Ap2 ) = K( −α). We next note that F ( M ) = K(Ap2 , M ), because E is isomor√
√
√
phic to A over the ﬁeld K( M ). Now the biquadratic extension K( −α, M )/K has three
√
√
√
quadratic subﬁelds, namely K( −α), K( M ), K( −αM ), and one of these must be equal to
F . However, since E has good reduction everywhere over F , all bad primes of E over K, namely
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αO and the primes of K dividing M , must ramify in F . The only one of the three quadratic
√

subﬁelds with this ramiﬁcation property is the ﬁeld K( αM ), completing the proof.
Lemma 2.3

There are only finitely many primes of F∞ lying above each prime of K.

Proof The assertion is clear for p since it is totally ramiﬁed in F∞ . Let w be any place of F∞
not lying above p. It suﬃces to show that the decomposition group of w in F∞ /F is inﬁnite,
since all inﬁnite closed subgroups of G are of ﬁnite index. Now, by the previous lemma, E has
 w for the reduction of
good reduction at w, and we write k∞,w for the residue ﬁeld of w, and E
 w (k∞,w ).
E modulo w. Then, since w does not divide p, reduction modulo w injects Ep∞ into E

Hence k∞,w must be inﬁnite, and the proof is complete.
Lemma 2.4 The field K∞ has no non-trivial abelian 2-extension, which is unramified outside
the unique prime of K∞ lying above p.
Proof Let J∞ denote the maximal abelian 2-extension of K∞ , which is unramiﬁed outside
the unique prime above p, and let J denote the maximal abelian extension of K contained in
J∞ . Now J∞ is clearly Galois over K, and so Γ = Gal(K∞ /K) acts on Gal(J∞ /K∞ ) in the
usual fashion by inner automorphisms. We then have
Gal(J∞ /K∞ )Γ = Gal(J/K∞ ),
where the module on the left is the Γ coinvariants of Gal(J∞ /K∞ ). But, since K has class
number one, K∞ is the union of the ray class ﬁelds of K modulo pn for n ≥ 2, and so J, being
an abelian 2-extension of K which is unramiﬁed outside p, must necessarily be equal to K∞ .
Hence the Γ-coinvariants of Gal(J∞ /K∞ ) are zero, and so by Nakayama’s lemma, J∞ = K∞ .
This completes the proof.

Recall that R∞ denotes the maximal abelian 2-extension of F∞ , which is unramiﬁed outside
the unique prime of F∞ above p. It is clear that R∞ must be Galois over K. Hence G =
Gal(F∞ /K) operates on X∞ in the usual fashion by inner automorphisms. In particular, this
deﬁnes an action of the cyclic group Δ of order 2 on X∞ . Let R = Z2 [Δ] denote the Z2 -group
ring of Δ, and write (V )Δ for the Δ-coinvariants of any R-module V . Finally, let us write
B∞ (M ) for the number of primes of K∞ dividing M , and F2 for the ﬁeld with 2 elements.
Proposition 2.5
Proof

(X∞ )Δ is a vector space over F2 of dimension at most #(B∞ (M )).

From the deﬁnition of the Δ-action, we have
(X∞ )Δ = Gal(L/F∞ ),

where L is the maximal abelian extension of K∞ contained in R∞ . Since K∞ has no abelian
2-extension unramiﬁed outside the unique prime above p, Gal(L/K∞ ) must be generated by
the inertia subgroups of the primes of bad reduction of E over K∞ . These bad primes consist
of the primes of K∞ above αO, together with the primes in B∞ (M ), and the ramiﬁcation index
of each of them in the extension L/K∞ must be equal to their ramiﬁcation index in F∞ /K∞ ,
which is 2. Hence each of the inertia subgroups at bad primes of E over K∞ is a cyclic group
of order 2. Next we note that there is just one prime of K∞ above αO. Indeed, as remarked
earlier, we can choose the sign of α so that η = (1 − α)/2 generates p, whence α = 1 − 2η. As
n
ordp (2η) = 2, we conclude that for all n ≥ 0, we have ordp (α2 − 1) = n + 2, proving that αO is
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inert in K∞ , as claimed. Thus, since Gal(F∞ /K∞ ) is of order 2, Gal(L/F∞ ) must be a vector

space over F2 of dimension at most #(B∞ (M )), and the proof of the lemma is complete.
Corollary 2.6 X∞ is a finitely generated R-module, which is generated by at most #(B∞ (M ))
elements over R. In particular, X∞ is a finitely generated Z2 -module.
Proof Let δ denote the non-trivial element of Δ. Then R is a local ring with maximal
ideal m = (2, δ − 1). As X∞ is a compact R-module, the corollary follows immediately from
Proposition 2.5 and the topological Nakayama lemma.

Theorem 2.7
Proof

Δ
= 0.
X∞ is a free Z2 -module, and X∞

We have the exact sequence of ﬁnitely generated Z2 -modules
Δ
0 → X∞
→ X∞ → X∞ → (X∞ )Δ → 0,

Δ
where the middle map is multiplication by δ − 1. Since (X∞ )Δ is ﬁnite, it follows that X∞
Δ
must also be ﬁnite. But X∞ is clearly stable under the action of Γ, since Γ and Δ commute.
However, it is shown in [3] that X∞ has no non-zero ﬁnite Γ-submodule. Thus we must have
Δ
= 0. Similarly, Greenberg’s theorem shows that the torsion subgroup of X∞ must be zero,
X∞
and the proof is complete.


We are grateful to Romyar Shariﬁ for pointing out the following lemma to us.
Lemma 2.8 Let Y be a free Z2 − module of finite rank, which is also a Δ-module. Assume
that (Y )Δ = (Z/2Z)r for some integer r ≥ 0. Then Y is necessarily a free Z2 -module of rank r.
Proof By Nakayama’s lemma, we have a surjection f : Rr → Y , which induces a surjection
g : Zr2 → YΔ . Thus we have the commutative diagram with exact rows
Rr

Y

/ Rr

/ Zr2

f

g


/Y


/ (Y )Δ

/0
/ 0,

where the two left horizontal maps are given by multiplication by δ − 1. Let ei denote the i-th
basis vector in Rr for 1 ≤ i ≤ r, and let e˜i denote its image under the upper right horizontal
map in this diagram. Put N = δ + 1. Then the upper right horizontal map sends N ei to 2e˜i
in Zr2 , and it is then mapped to zero in (Y )Δ = (Z2 /2Z2 )r by the homomorphism g. Hence,
by the exactness of the bottom row, we must have f (N ei ) = (δ − 1)di for some di in Y . Put
f (N ei ) = zi . Then, since zi is ﬁxed by Δ, we have
2zi = N zi = (δ 2 − 1)di = 0.
But Y has no Z2 -torsion, and so zi = 0 for 1 ≤ i ≤ r. Hence the kernel of f must contain N Rr .
Since Rr has Z2 -rank 2r, it follows that Y has Z2 -rank at most r. But Y must have Z2 -rank
at least r, since it maps onto (Z2 /2Z2 )r . Thus the Z2 -rank of Y must be exactly equal to r,
and the proof is complete.

Noting Proposition 2.5 and Theorem 2.7, we immediately conclude that
Corollary 2.9

X∞ has Z2 -rank at most #(B∞ ).

The proof of Theorem 1.1 is now complete.
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We recall that, if L is any algebraic extension of K, then we deﬁne

H 1 (Lv , E)(p)),
Sel(E/L, Ep∞ ) = Ker(H 1 (L, Ep∞ ) →
v

and
Sel (E/L, Ep∞ ) = Ker(H 1 (L, Ep∞ ) →



H 1 (Lv , E)(p));

vp

here v runs over all ﬁnite places of L in the ﬁrst deﬁnition, and all ﬁnite places of L not lying
above p in the second deﬁnition, and, as usual, Lv denotes the compositum of the completions
at v of the ﬁnite extensions of K contained in L. As mentioned earlier, using the fact that E
has good reduction everywhere over F∞ = K(Ep∞ ), Wiles and the second author proved [1]
that
Sel(E/F∞ , Ep∞ ) = Sel (E/F∞ , Ep∞ ) = Hom(X∞ , Ep∞ ).
Proposition 2.10

(2.1)

We have Sel (E/F∞ , Ep∞ ) = Sel (E/F∞ , Ep∞ )Δ .

Proof Let δ be the non-trivial element of Δ. If f ∈ Hom(X∞ , Ep∞ ), we have (δf )(x) = −f (δx)
for all x in X∞ . Hence
Sel (E/F∞ , Ep∞ )Δ = Hom(X∞ /(1 + δ)X∞ , Ep∞ ).
Δ
, and this latter group is zero by Theorem 2.7, whence the assertion of
But (1 + δ)X∞ ⊂ X∞
the proposition follows.


Proposition 2.11

For all n ≥ 0, the restriction map yields an isomorphism
Sel (E/Fn , Ep∞ )

Sel (E/F∞ , Ep∞ )Γn ,

where Γn = Gal(F∞ /Fn ).
Proof
0

We have the commutative diagram with exact rows
/ Sel (E/F∞ , Ep∞ )Γn
O
αn

wp

H 1 (F∞,w , E)(p)
O
γn =

βn

/ Sel (E/Fn , Ep∞ )

0


/ 

/ H 1 (F∞ , Ep∞ )Γn
O

/

/ H 1 (Fn , Ep∞ )


vp



Γn

γn,v

H 1 (Fn,v , E)(p).

We ﬁrst claim that βn is an isomorphism. Indeed, Γn = Zp has p-cohomological dimension 1,
and so H 2 (Γn , Ep∞ ) = 0. Moreover, we claim that
H 1 (Γn , Ep∞ ) = 0.

(2.2)

Indeed, if τ denotes any topological generator of Γn , we have
H 1 (Γn , Ep∞ ) = Ep∞ /(τ − 1)Ep∞ .
Let Tp = lim Epn , where the transition maps are multiplication by powers of a generator π of
←−

p, and put Vp (E) = Tp (E) ⊗Zp Qp . Then we have the exact sequence of Γ-modules
0

/ Tp (E)

/ Vp (E)

/ E p∞

/0.

Now the endomorphism τ − 1 of the 1-dimensional vector space Vp (E) must be injective, and
so it must also be surjective. But then, by the snake lemma, τ − 1 must also be surjective on
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the quotient Ep∞ of Vp (E), proving (2.2). Thus by the inﬂation restriction sequence, β is an
isomorphism.
Note that the extension F∞ /Fn is unramiﬁed at all other places v of Fn which do not lie
above p, because E has good reduction everywhere over F . Moreover, by the local inﬂationrestriction sequence,
ker(γn,v ) = H 1 (Gal(F∞,w /Fn,v ), E(F∞,w ))(p),
where v  p, and w denotes any prime of F∞ above v. But since E has good reduction at v,
and the extension F∞,w /Fn,v is unramiﬁed, a standard result about the arithmetic of elliptic
curves over local ﬁelds shows that
H 1 (Gal(F∞,w /Fn,v ), E(F∞,w )) = 0.
It is therefore clear from the above diagram that γn is injective, and so αn must be an isomorphism, as required.

Corollary 2.12

For all n ≥ 0, we have Sel (E/Fn , Ep∞ )Δ = Sel (E/Fn , Ep∞ ).

Theorem 2.13 For all n ≥ 0, we have gE/Fn = gE/Kn , and the Z2 -corank of X(E/Fn )(p)
is equal to the Z2 -corank of X(E/Kn )(p).
Proof Since Δ = Gal(Fn /Kn ) is of order 2, one sees easily that the kernel and cokernel of the
restriction map
rn : Sel (E/Kn , Ep∞ ) → Sel (E/Fn , Ep∞ )Δ
are killed by 2, and hence must be ﬁnite. In view of the previous corollary, it follows that
Z2 -corank of Sel (E/Kn , Ep∞ ) = Z2 -corank of Sel (E/Fn , Ep∞ ).

(2.3)

Now we have the exact sequence
0 → E(Kn ) ⊗O Kp /Op → Sel (E/Kn , Ep∞ ) → X (E/Kn )(p) → 0,
where the modiﬁed Tate-Shafarevich group is deﬁned by the exactness of the sequence

0 → X (E/Kn ) → H 1 (Kn , E) →
H 1 (Kn,v , E).
vp

Moreover, there are exactly analogous exact sequences for Sel (E/Fn , Ep∞ ). Hence, writing
hE/Kn (resp. hE/Fn ) for the Z2 -corank of X (E/Kn )(p) (resp. the Z2 -corank of X (E/Fn )(p)),
we conclude from (2.3) that
gE/Kn + hE/Kn = gE/Fn + hE/Fn .

(2.4)

But we have gE/Kn ≤ gE/Fn , and hE/Kn ≤ hE/Fn , because the natural maps
E(Kn ) ⊗O Kp /Op → E(Fn ) ⊗O Kp /Op ,

X (E/Kn )(p) → X (E/Fn )(p)

have ﬁnite kernels. Hence it follows from (2.4) that gE/Kn = gE/Fn and hE/Kn = hE/Fn . The
proof of the theorem will then be complete once we have shown that
hE/Kn = Z2 -corank of X(E/Kn )(p),

hE/Fn = Z2 -corank of X(E/Fn )(p).
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We give the proof for Kn , and an entirely similar argument works for Fn . Let pn be the unique
prime of Kn above p. Then we have the exact sequence
0 → X(E/Kn ) → X (E/Kn ) → H 1 (Kn,pn , E)(p),
and so it suﬃce to show that the group on the extreme right is ﬁnite. Let kp denote the residue
 for the reduction of E modulo p. Then, since p is totally ramiﬁed in Kn ,
ﬁeld of p, and write E
 p )(p∗), which is clearly a ﬁnite
Tate local duality shows that H 1 (Kn,pn , E)(p) is dual to E(k
group. This completes the proof.

√
Finally, we give the proof of Theorem 1.5. Since F = K( −αM ), it follows immediately
that, for all M ∈ M, we have
L(E/F, s) = L(E/K, s)L(E (−αM )/K, s),

(2.5)

where E (−αM ) is the quadratic twist of E by the quadratic extension F/K. But, as David
Rohrlich remarked to us, since E = A(M ) , we must have
E (−αM ) = A(−α) .

(2.6)

Let B = A(−α) , so that B is an elliptic curve deﬁned over K with complex multiplication by
the ring O of integers of K. An explicit equation for B/K is given by
y 2 = x3 + 3αx2 − 16x.
Using either MAGMA, or hand calculations with Tate’s algorithm [6], one ﬁnds that a global
minimal equation for B over K is given by
y 2 + ηxy = x3 + 2(η + 1)x2 + (3η − 2)x,

(2.7)

where, as always, η = (1 − α)/2. The discriminant of this equation is equal to η 12 , and of course
its j-invariant is equal to −33 ·53 . Thus B has bad reduction at the prime p, and good reduction
at all other primes of K. It is then easily seen that the conductor of the Grossencharacter ψB
of E/K must be p2 , with ψB given explicitly by
ψB (c) = c,
where c is any integral ideal of K prime to p, and c is the unique generator of c with c ≡ 1 mod p2 .
Curiously, this elliptic curve B does not seem to have been noted explicitly in the literature
before this. However, it has many interesting properties, which are readily veriﬁed. For example,
for all n ≥ 0, we have
Kn = K(Bpn+2 ).
As usual, we write ψB for the complex conjugate Grossencharacter. By the theory of complex
multiplication, we have
L(B/K, s) = L(ψB , s)L(ψB , s),

(2.8)

where the L-series on the right hand side of this equation are the Hecke L-functions of the
Grossencharacters ψB and ψB . We are very grateful to Tim Dokchitser for computing for us
the value of these two Hecke L-functions at the point s = 1 using MAGMA.
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Theorem 2.14 We have L(ψB , 1) = 0.5066738035484824 · · · + 0.2287207780578165 · · · i, and
obviously L(ψB , 1) is then equal to the complex conjugate of this value. In particular, L(B/K, 1)
= 0, and so rE/F = rE/K for all M ∈ M.
We believe that it should be possible to prove, for all n ≥ 0, that L(B/Kn , 1) = 0, which
would in turn imply that rE/Fn = rE/Kn for all M ∈ M, by a suitable 2-adic analytic argument
related to Iwasawa theory, and we hope to take up this question in a subsequent paper.
Finally, we note that B/K does indeed satisfy the full Birch–Swinnerton-Dyer conjecture.
Indeed, let us deﬁne the following period of B
√
(2.9)
Ω(B) = Γ(1/7)Γ(2/7)Γ(4/7)/(71/4 ζ8 η 2π 7),
√
where 71/4 denotes the positive real 4-th root of 7 and ζ8 = (1 + i)/ 2 denotes a primitive 8-th
root of unity. Then, as Tim Dokchitser pointed out to us, MAGMA shows that
√
L(ψB , 1)/Ω(B) = η( 7 − i)/16.
(2.10)
In view of (2.8), it follows that
L(B/K, 1)/(Ω(B)Ω(B)) = 1/16.

(2.11)

Now we know that B(K) and X(B/K) are both ﬁnite because L(B/K, 1) = 0, and a classical 2descent on B/K shows that X(B/K)(2) = 0. Moreover, the work of Rubin [4], when combined
with (2.11), shows that X(B/K)(p) = 0 for all odd primes p. On the other hand, the conjecture
of Birch and Swinnerton-Dyer asserts that, if we deﬁne
√
m∞ (B) = Ω(B)Ω(B) 7/2,
then we should have
√
L(B/K, 1)/m∞ (B) = #(X(B/K))cp (B)2/( 7#(B(K))2 ),
where cp (B) is the usual Tamagawa number for B at p. Thus, as B(K) = Bp∗ ⊕ Bp2 and
cp (B) = 4, we conclude that the conjecture of Birch and Swinnerton-Dyer is indeed valid for
B/K.
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