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Abstract Let Q(z) be a nonnegative definite, symmetric matrix such that \/ m is Lipschitz con-
tinuous. Given a real-valued function b(x) and a weak solution u(x) of div(QVu) = b, we find sufficient
conditions in order that v/QVu has some first order smoothness. Specifically, if 2 is a bounded open
set in R"™, we study when the components of /QVu belong to the first order Sobolev space W(}?Z(Q)
defined by Sawyer and Wheeden. Alternately, we study when each of n first order Lipschitz vector field
derivatives X;u has some first order smoothness if u is a weak solution in 2 of Z?zl X! Xiu+b=0.
We do not assume that {X;} is a Hormander collection of vector fields in Q. The results signal ones

for more general equations.
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1 Introduction

We begin with some notation and background. Let © be a bounded open set in R™ and Q(z)
be a nonnegative definite, symmetric n x n matrix on . Assume that /Q(x) is Lipschitz
continuous in , i.e., that the entries of 1/Q(z) are Lipschitz continuous in 2, and let

Qz,6) =& Q)6 = V/Q(2)¢ - V/Q(2)¢, z€QEER, (1.1)

denote the quadratic form corresponding to Q. Note that if @ is singular at a point x, then
Q(z, &) vanishes at some £ # 0. Following [6], we consider the Sobolev space WCIQQ(Q) of all
pairs (u(z),v(z)), z € Q, where u is real-valued and v is a vector in R"™, such that there is a

sequence {ug ()}, of Lipschitz functions on € satisfying

klim {|u;C —ullz20) + (/ Q(z, Vug(z) — v(x)) da:) } =0. (1.2)
Equivalently, as k — oo,
up —uwin L2(Q)  and  /QVup — /Qv in L*(Q).

Later we will see that the functions wuy in the approximating sequence {uy} can be chosen to
belong to Lip(2) N C° ().
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If (u,v) € Wé’Q(Q), then by [6], since +/@ € Lip(f2), the vector v is uniquely determined by
the first entry w in the sense that if two pairs (u,v1), (u, ve) with first coordinate u belong to
W(}?’Z(Q)7 then /Qvi = v/Qvs a.e. in Q. However, vi may differ from v, at points where 1/Q is
singular. In some cases when /Q ¢ Lip(£2), uniqueness of the second entry fails dramatically;
see e.g. [6]. If (u,v) € Wé’Q(Q), we will denote v = Vu although v may not have an ordinary
weak gradient in 2. We often write u € WéQ(Q) instead of (u, Vu) € ng (), and we set

. (/Q |u(a:)|2dx+/9|\/Q(x)Vu(ac)2dm>§ fueWi2Q).  (13)

Let b € L{ (). Suppose u € WéQ(Q) and u is a weak solution in € of the equation

div(Q(z)Vu(z)) = b(z), z€Q. (1.4)
Here we say as usual that u is a weak solution in Q of (1.4) if
/(Q(I)Vu(x)) -VO(x)dr —|—/ b(x)®(x)dx =0 for all ® € Lip,y(Q). (1.5)
Q Q

The main purpose of this paper is to find conditions implying that the components of \/QVu
then belong to WéQ(Q) We will consistently denote these components by V;-Vu,i=1,....,n
where V;(x) is the i-th row vector of \/Q(z). Our main result is as follows.

)

Theorem 1.1 Let Q be a bounded open set in R™ and Q(x) be a nonnegative definite, sym-
metric n x n matriz on Q satisfying v/Q € CH1(Q). Suppose that u,b € WéQ(Q) and u is a
weak solution in Q of (1.4) represented in WéQ(Q) by a sequence {uy}72, of smooth functions.
Let {w¢}¢ be the entries of \/Q and let {Sk} be the sequence of numbers defined by

Sp = (/ H w2 }Vuk > H > Jwel Vuy, (1.6)
L2(Q)
If
limsup Sy, < oo, (1.7)
k—o0

then every component V; - Vu of /QVu belongs to WéQ(Q) and

1Vi - Vully1.2 oy < Climsup Sg, (1.8)
Q k—o0

where C' is a constant that depends only on ||bHWé,2(Q) and the sum of ||wel|pe ) and the
Lipschitz constants in 0 of the wp and their first partial derivatives.

We now list some comments about condition (1.7). First, ifu € WéQ(Q) and {uy} represents
u in WQIJ’Q(Q)7 then ||/ QVur — vVQVul 2 — 0 as k — oo, or equivalently, [|V; - Vuy, — V;
V| r2(q) — 0 for every row vector V; of /Q. Hence ||V; - Vug||r2(q) is bounded in k for every
i. On the other hand, assumption (1.7) is much stronger since

for every 7 and k.

Vi Vg < ‘Z|wz|Vuk
L

Next, (1.7) can be rewritten in vector field notation as

<oo, t=1,...,n,

hmsupH< |wg)ei - Vuy
L2(Q)
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where e; is the i-th unit vector. This clearly holds if u belongs to the Sobolev space Wéf (Q),
where Q* is the (diagonal) matrix with rows (3, |we|)?e;. For example, since every wy is
bounded in €, it holds if u belongs to the classical Sobolev space W12(Q) since then the uy, can
be chosen to satisfy ||Vug — Vu| z2(q) — 0. Furthermore, in case ), |wy| is bounded away from
0 in €, then Sy > ¢||Vug||2(q) for some positive constant ¢ independent of &, and then for
any sequence {ug} of Lipschitz functions, (1.7) is equivalent to limsup,, ., |[|Vug||r2() < oo.
Finally, we do not know if the conclusion of Theorem 1.1 remains true if (1.7) is replaced by
finiteness of some number smaller than lim sup,_, ., Si and all other hypotheses of the theorem
are retained.

Under our assumptions that € is bounded and /@ is Lipschitz continuous in §2, ng Q)
can be identified with a well-known class of functions having weak vector field derivatives,
and Theorem 1.1 can be restated in terms of this class, as we now discuss. Let V(z) be a
Lipschitz vector in Q, and let X = V -V be the corresponding vector field derivative. A
function g € L} (Q) is called the weak derivative Xu in 2 of a function u € L () if for all

@ELIPO(Q)a
/ggadx:—/uX’godx:—/udiv(goV)dx
Q Q Q

—/u{V~Vg0+g0divV} dzx. (1.9)
Q

The weak derivative Xu is clearly unique if it exists. If u € WéQ(Q) and /@ € Lip(2), then a
simple limit argument based on integration by parts shows that if X; = V;-V, where {V;}"_, are
the row vectors of /@, then each weak derivative X,u exists in Q and X,u = V; - Vu € L?(Q).
Denoting X = {X;}7_,, the collection Hy*(Q) of all u € L?(2) such that every X,u € L*(Q)
thus contains WéQ(Q) By [2, 3] and [6], the converse is also true, namely, if the rows V; of
V/Q are Lipschitz vectors in Q, then H ;(2(9) C WéQ(Q) See [6] for some other conditions that
guarantee this equivalence.

As a consequence, Theorem 1.1 can be rephrased as follows in terms of a given collection
X ={X; =V; -V}, of vector field derivatives in 2. Let each V; € C11(Q) and suppose that
u,b € Hg(z(Q) and u is a weak solution in Q of )~ X/ X;u + b = 0. Choose a sequence {uy} of

smooth functions satisfying

kILI& {llue = ull L2y + | Xsur — Xiulz2@)} =0 for every i.

If lim supy,_, oo || D, \Vg|VukHL2(Q) < 00, then every X;u € H}\;Z(Q), and for j=1,...,n

1 X Xiul 2 (0) < Chmsup H Z [Ve|Vuy

L2(Q)
with C as in Theorem 1.1.

2 Preliminaries

The proof of Theorem 1.1 uses relations between Wé’z (Q) and difference quotients along integral
curves associated with row vectors of v/@Q. These relations are derived in this section. See for
example [4, Section 7.11] for analogues in the case of ordinary W12(Q) and ordinary difference

quotients. We begin by recalling some things from Introduction.
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Let © be a bounded open set in R” and WéQ(Q) be the Sobolev space associated as above
with a nonnegative definite n x n symmetric matrix Q@ = Q(x), z € Q. We assume that the
entries of /@ belong to the class Lip(f2) of Lipschitz continuous functions in €2, and often that
they also belong to C'*(Q) or even to CH1(Q). For each i = 1,...,n, let V;(x) be the vector equal
to the i-th row of 1/Q(z), and let X;(z) = Vi(z)-V be the corresponding vector field derivative.
Denote the collection of these vector fields by X' (x) = {X;(z)}; = {Vi(z) -V, ..., Vo (z) - V},
z € . Since the entries of \/Q belong to Lip(f2), the same is true for the entries of each
V;. Then WéQ(Q) coincides with the Sobolev space Hy*(Q) of functions w € L?(€) with
weak derivatives X;w in L?(£2) (see [2, 3, 6]), where a function p € L () is called the weak

derivative X;w of w if for all ¢ in the class Lip,(€2) of functions in Lip(£2) with compact support
in €,

/;updx:—/wX{gpd:z::—/wdiv(ngi)dx
Q Q Q
:—/w(Vi-V<p—|—<pdiVVi)d;z:.
Q

Each weak derivative X;w is uniquely determined up to a set of Lebesgue measure zero. Fur-
thermore, if Q(z,¢) is the quadratic form defined by (1.1), then since

n

Q(z,&) =Y (Vi(z)- &),

=1

(1.2) implies that if w € Wé’z(Q), there is a sequence {wy}7>, C Lip(2) such that

llw —w|| £2 Q) + Z [ Xsw — Vi - Vwg|lp2) — 0 as k — oo. (2.1)
i=1
We denote X;w =V - Vw and /QVw = (Xjw, ... X,w).

The approximating functions in (2.1) can be chosen to satisfy wy € C°°(£2) NLip(€2) since
is bounded and /@ is bounded in . To see why, first extend each wy, € Lip(2) to a Lipschitz
function on all of R™ (see e.g. [7, Theorem 7.64]) and multiply the extension by a smooth
function with compact support in R™ equal to 1 on Q. By convolving the result with a smooth
compactly supported approximation of the identity, it follows from standard facts that there
are functions Wy, € C*°(Q) NLip(€2) such that wy — Wy, — 0 in the norm of the classical Sobolev

space W12(Q). Then, for every 4, since V; is bounded in ,
Vi - (Vwg = V)| 22) < [IVill @) IVwk = Vil r2@) — 0 as k — oo.

Now let V = V(z) be a Lipschitz vector field in Q. For ¢t € R, consider the integral curves
(t,z) = v(V,t,x) given by

Fyl(tvx) = V(’Y(t’m))v V(O’z) =< (22)

Here +/(t,z) denotes the t-derivative of v(t,z). If z € Q and §(z) = disteyc(z, ), then
according to Picard’s theorem, there is a positive constant ¢y depending only on ||V || () and
the Lipschitz constant of V' (denoted ||V||rip()) such that y(t, z) exists, lies in 2, and is unique
if |t| < eyd(z). In what follows, ¢y and Cy will denote various constants depending only on

V]I (0) and [|[V|Lip0)-
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Let us recall some facts about integral curves. For ¢ and z as above, ~y(t,x) satisfies the

integral equation

v(t,x) =z + /Ot V(y(r,x))dr, (2.3)
and consequently
ly(t, ) — x| = ‘/ ))dr| < Cylt.
Also, if z € Q and ¢, s € R satisfy |¢|, |s| < ey d(z), then
y(t @) — sx|—’/ ))dr| < Cylt — .

Therefore (¢, z) is Lipschitz continuous in ¢ if |[t| < cyd(z), and its Lipschitz constant is
independent of x. See also Lemma 4.1.

It is easy to show that (¢, x) is also locally Lipschitz continuous in 2 uniformly in ¢ for
small ¢. In fact, if z,y € Q and [¢t| < ¢y min{d(x),§(y)}, then

It 2) —7(t )] = | (@ — 9) + / [V(3(r.2)) = V(1(r,9))] dr

<lz—yl+Cvlt ‘s;lllp‘ | Iy(,2) = (7, 9)],
77| <[t

and hence, for all § with 0 < 6 < ¢y min{d(z),d(y)}, we have

sup |[y(t,z) —y(t,y)| < |z —y| + Cvo sup |y(t,z) —~(t,y)l.
t:]t|<0 t:[t| <0

Now choosing 6 to also satisfy Cy6 < 1/2 and subtracting the second term on the right from
both sides, we obtain

sup |v(t,x) —y(t,y)| < 2|z —yl, (2.4)
t:]¢| <0

as claimed.

In particular, these estimates imply that for every compact set K C 2, there is a positive
constant dy,x depending only on V' and K such that (¢, x) is Lipschitz continuous in (¢, ) if
|t| < dv,x and = € K, with Lipschitz constant independent of K.

For the integral curves v(t,z) = v(V,t, ), let us now consider the Jacobian 0z/dx of the
change of variables from x to z given by

z=~(t,z) for fixed t.

We always assume that (t,z) satisfies €  and |t| < cyd(x), but unless we make a further
restriction or convention, there may be no fixed value of ¢ such that v(¢,x) is defined for all
x € €, in particular for those x near 9f). For example, in the next two lemmas, x will lie in an
open set ' C Q with compact closure in €2, and then there is a constant § > 0 depending on
and V such that (¢, z) is defined for all (¢, z) with [t| < § and z € . See also the convention
used in Section 3 for a similar purpose.

To compute the Jacobian, we will assume that V' € Lip(Q) N C1(2). This guarantees that
the chain rule can be applied to V(v(¢,x)) as a function of z, and also by [1, 5] that v(t, z) is
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continuously differentiable in z. Denoting V(y) = (v1(y),...,vn(y)) and & = (21,...,2,), let
us show that

det % =1+ /Ot {z”: <({)ik'y(s,x)> . (Vvk)('y(s,x))} ds + R(t, z), (2.5)

k=1
where the remainder R(t,x) satisfies the following estimate: there are constants cy,Cy > 0
such that
|R(t,z)| < Cyt? if x € Qand |t| < ey d(x). (2.6)

Both (2.5) and (2.6) can be deduced from a formula for the determinant of the Jacobian
given for example in [1]. Alternately, they can be verified by straightforward computation as
follows. Denote z = v(t,x) = (71(t,2), ..., Y (t,z)). Then

0z 0
det e det (aTj’yi(t,x))ij and

Yi(t, ) = vi(y(t,x)), sothat ~;(t,z) =z, +/O vi((s,x))ds.

Therefore,

lta) =6y + | t (a%ws,x)) (Vo) (y(s,2)) dsand

% =1+ D(t,x) with

o) = ([ (rtem)- <w><v<s,x>>ds)ij. (27)

Formula (2.5) now follows by expanding the resulting determinant, which has the form det % =
det(I + D(t,z)). In fact, det(I + D(t,x)) is the characteristic polynomial P(\) of D(¢,x)
evaluated at A = —1. Thus, P(—1) = >_}_, M}, where My =1 and M}, for k > 1 is the sum of

the determinants of the k x k principal minors of D(t, ). Since

n

My = trace D(t,) = [ t X (o)) (o)) ds,

k=1
it follows that (2.5) holds with R(¢,z) = Y_;_, M. The size estimate (2.6) is then immediate
since every entry of D(t, x) is bounded in absolute value by Cy|t| due to the Lipschitz behaviors
of y(x,t) and V.
Similarly,
[trace D(t,z)| < Cy|t| if x € Q and |t| < cyd(x).

Since trace D(t,x) is the same as the integral term in (2.5), (2.5) can be rewritten as

det % =1+ trace D(t,z) + R(t,x),

and hence

‘det % - 1’ <Cylt] ifzeQand [t <cyi(z). (2.8)
x
We will often abbreviate (2.8) by writing det 9z/0x = 1+ O(t).
The next two lemmas show how difference quotients of the form [u(v(h, z)) — u(x)]/h are

related to the vector field derivative (V' - Vu)(x).



48 Wheeden R. L.

Lemma 2.1 Let Q be a bounded open set in R, Q(x) be a nonnegative definite matriz and
V(z) be a vector field with (V(x)-€)? < Q(x,€) if x € Q,& € R™. Assume that V € Lip(Q2) N
CL(Q) and let y(t,x) = v(V,t,x) satisfy (2.2). If Q' C Q is an open set with compact closure
in Q, there is a positive constant § depending on Q' and V' such that

S (/{ “(V(h’x})} — u() de)% < 2( i |(V-Vu)(as)2dq;>

N

< 2(/Q |(\/ngu)(:c)y2dx>é (2.9)
for any u € ng(Q)

Proof Fix Q' as in the hypothesis and choose § > 0 depending on €' and V such that
y(h,z) C Qif z € Q and |h| < §. Assuming first that u € C1(Q), we have
u(y(h,z)) —u(z) 1 (" d
L “n), @ [u(y(t,2))] dt
1 h

+ [ o) o

0

h
-1 | o) veea) e

['herefore,
u T))—ulx 2 " V-V
ol })l) b = % /0 |(V - Vu)(~(t, x))‘zdt.

Integrating with respect to x over Q' gives

Uu T))— ulx 2 h
/, (v(h, })L) @) g < %/0 Q/‘(V.Vu)('y(t,x)ﬂzdxdt.

In the inner integral on the right side, with ¢ fixed, we make the change of variables z = (¢, x).
Using (2.8), it follows by choosing § smaller if necessary that | det(0z/dz)| > 1/2 if |¢t| < § and
2 € Q. The integral on the right is then at most

e 2 _ . 2
QE/O /Q|(VVU)(Z)\ dzdt—2/ﬂ\(V Vu)(z)|°dz.

This proves the lemma when u € C1(Q). The general case follows by approximation using (2.1)

and the comments in the paragraph after (2.1); note that if {uy(x)} converges in L?(Q2) to u(z)
and K is a compact set in €, then {ug(y(h,))} converges in L?(K) to u(y(h,z)) for all fixed
small h by a similar change of variables argument. Furthermore, V - Vu;, — V - Vu in L?(Q)
if up — w in Wé’z(Q), and we have ||V - Vu||r2(q) < [|V@QVul 12(q) by hypothesis, completing
the proof.

The integral curves v(t,z) = v(V,t,x) have a well-known translation property, namely,

there is a constant ¢y > 0 such that
v(t,x) =yt — h,y(h,x)) if |t],|h] < cyd(z) and z € Q. (2.10)

In fact, as functions of ¢, both v(¢,z) and ~v(t — h,v(h,z)) are integral curves of the same
Lipschitz vector field V', and they are equal at ¢ = h since

vt —h,y(h,2))|,_,, = 70,v(h,z)) = y(h, z).
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Hence, (2.10) is a corollary of the uniqueness of integral curves once we show that y(t—h, y(h, x))
exists for x, ¢, h as in (2.10) with a suitable constant c¢y. We know there are constants ¢, C' > 0
depending only on V such that vy(¢,z) C Q and |y(t,z) — z| < C|t| if z € Q and [¢| < ¢d(x).
Then if x € Q and |h| < ¢d(z),
0(y(h,x)) = 0(x) = |y (h, 2) — 2|
> 0(z) — Clh|
1
> 55(90) if |h| < d(x)/(2C).
If also [t],|h| < (¢/4)d(x), then
|t = h| < [t] + [h] < (¢/2)0(x) < cd(y(h, x)).
It follows that (2.10) holds for some cy > 0.
By choosing ¢ = 0 in (2.10), we obtain a formula for the inverse of the mapping © — z =
~(h, z), namely,
x=7v(=h,y(xz,h)) ifzeQand |h| <cyd(x). (2.11)
Lemma 2.2 Let 2 be a bounded open set in R™, V(x) be a vector in Lip(Q) N C(Q), and
y(h,z) = v(V, h,x) satisfy (2.2). Let Q' be an open set with compact closure in Q. If u € L*(Q)

and for some § > 0 and some finite L,

sup /
h:0<|h|<d JQ/

then there is a sequence {hy} — 0 such that [u(y(hy,z)) —u(x)]/hy converges weakly in L?(Y')

u(y(h, x)) — u(z)

2
; dr < L2, (2.12)

to a function w(x). Furthermore, ||w|/2qy < L, the vector field derivative V - Vu exists in
the weak sense in ', and V - Vu = w in Q. In case (2.12) holds for every open set ' that
has compact closure in Q (for some § depending on Q') with L independent of ', then V - Vu
exists in the weak sense in Q and ||V - Vul|2q) < L.

Proof Fix Q' and let u satisfy (2.12). By standard results there is a sequence hy — 0 and a
function w with [|wl|r2(oy < L such that [u(y(hg, ) — u(x)]/hi, converges weakly in L*(€) to
w(x). In particular, for every ¢ € Lipy ('),
lim / u(y(he, 7)) = u(x)np(x) dx = / w(x)p(x) de. (2.13)
hr =0 Jq by Q
Let us show that Xu = V - Vu exists in the weak sense in ' and satisfies Xu = w in @', or
equivalently (see (1.9)) that for all ¢ € Lipy(€'),

/Q u(z) V(z) - Vo(zr)de + /Q u(z)p(z) divV (z) de = — /Q w(z)p(z) de.

Since V € C*(2), then ~(¢,z) is continuously differentiable in = by [1]. By approximation,

we may also assume that ¢ is continuously differentiable in €'; in fact, any ¢ € Lipy(£2’) can
be approximated in ordinary W12(Q') norm by a smooth approximation to the identity that is
still supported in €.

For simplicity, we will write h = hy and h — 0 instead of hy — 0, and we consider only
those h which are small enough depending on Q' to make the argument below valid. By (2.13),

1 1
E/Qu('y(h,x))go(x)dx—E/Qu(x)ga(x) dx—>/9w<pdx as h — 0.
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In the first integral, make the change of variables z = «y(h, z) with h fixed and small, and recall

from (2.11) that the inverse transformation is = y(—h, z). Using (2.5) and (2.6), we obtain
1 1
7 / u(2)(y(=h, 2)){1 + trace D(=h, z) + O(h?)} dz — 7 / u(z)p(z) dz
Q Q

—>/wapdz as h — 0.
Q

Note that after the change of variables, we are able to retain €2 as the domain of integration in the
first integral due to the support of p(y(—h, 2)), namely, if ¢(y(—h, z)) # 0, then y(—h, z) € ,
and consequently z € Q if |h| is small enough depending on €. Therefore, by regrouping terms,

p(y(=h, 2)) — ¢(2) trace D(—h, z) .
/Qu(z) 3 dz—l—/ﬂu(z)go(’y(—h,z))sz—>/Qw<pdz, (2.14)

here we have used the estimate

/ w(2)p(r(~h, 2)) dz

€

1 2
WO(h)

2

P
< oWl ( [ 1o6(-h2)P:)
3
< O(h)||ull 2 () (/ lo(x)[* {1+ O(n)} d:z:) —0 ash—0.
Q
Let us show that as h — 0 the first integral on the left in (2.14) converges to — fQuV .
Ve dz and the second integral there converges to — fQ wp divV dz. In the first integral, as in

Lemma 2.1,

—h.2)) — oz "
(¥ h’h)) s0<>:% / (Vo) (1(t,2)) - V(~(t, 2)) dt,

which converges pointwise to —V'(z) - V(z) as h — 0 since Vi is continuous. Thus, since

‘w(v(—h, 2) = ¢(2)
h

the part of the claim about the first integral in (2.14) follows from Lebesgue’s Dominated

Convergence Theorem. Similarly, if V = (v1,...,v,), then

n

tace D) = [ [3 (2ats2) - (epiato, 0],

j=1

and by letting h — 0, we obtain

i Ltrace D(-h,) = tim 2 [ [S7 (2nts2)) - (Vas) (5,20 |ds = iV 2)

im —trace D(—h,z) = lim — —(s,2) | - (Vu, S, 2 s = —divV(z

h—0 h ’ h—0 h 0 e 821],7 ’ A
since when s = 0, %”y(s,z) is the unit vector e; = (0,...,0,1,0,...,0) with j-th entry 1,
4 =1,...,n. This proves the lemma except for the assertion in its last sentence, which now
follows by letting ' " Q.

We remark that hypothesis (2.12) can be slightly weakened without changing the conclusion
of Lemma 2.2, namely, in (2.12), the supremum over all A with 0 < |h| < § can be replaced by
the supremum over any sequence of h values converging to 0, and then the sequence {hy} in

the conclusion is some subsequence of the one used to form the supremum.
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In passing, note that if a function u € L?(f2) satisfies the hypothesis of Lemma 2.2 for every
row vector V; of v/@Q and for the same subset 2, then the part of the conclusion of the lemma
concerning ' holds for every X,u = V; - Vu with a sequence {hj} that is independent of i.
Then u € Hy*(Q'), where X = {X;}7_,. Since v/Q € Lip(Q), it follows (see the end of the
Introduction) that u € Wé’Q(Q’). Furthermore, ||[vQVul|p2(0y < Y1, Li, where

2 \#
Li:( “p / (Vi hy @) — () dx).
h:0<|h|<6 J

h
If every L; is bounded by a number L that is independent of ', then u € WéQ(Q) and
[VQVul|2(q) < nL.

3 Part of the Proof of Theorem 1.1

In this section we begin the proof of Theorem 1.1, completing its more technical parts in
the next section. Let /Q € CY1(Q), u,b € WCIQ’Q(Q), and u be a weak solution in Q of
div(Q(z)Vu) = b(x), namely,
/ (Q(2)Vu) - VO(z) dz + [ ba)d(z)dzr =0 for all ® € Lipy(Q). (3.1)
Q Q
Let € be an open set with compact closure in €2, and let v(h, z) = v(V, h, z) for any fixed row
V =V, of /Q. Our strategy is to use (3.1) and (1.7) to prove that there exists § > 0 such that

wp [ [R5 - (O
h:lh|<é Jo

h
with L independent of €. It then follows from Lemma 2.2 that \/QVu € ng(Q), or more
precisely, each of its components V; - Vu € VVé’Q(Q)7 proving Theorem 1.1.
Fix a row V = (v1,...,v,) of /@ and let y(h,z) = v(V, h,z). If ¢ is any function defined

in €2, denote

2
dr <L < >

(A" (2) = Y(y(h, x})L) — ()

We wish to replace ® in (3.1) by A="p(z) for a function ¢ supported in € to be chosen. As

if x,v(h,x) € Q.

noted earlier, there may be no fixed h such that A~"(z) is defined for every z € Q due to
the requirement that y(—h,z) € Q. This technical difficulty can be overcome by a simple
convention. First, extend V to R™ as a Lipschitz function V* = (vj,...,v}) with the same
Lipschitz constant and consider the integral curves v*(h,x) = ¥(V*, h,z), (h,x) € R x R".
Next, assuming that ¢ has support in €2, extend ¢ to R™ by setting it equal to 0 outside its

support. Denoting the extension again by ¢, we define

(ahg) () = PN 0D 2y € (w1 o)) x R,

and replace ® in (3.1) by (A="*¢)(x), noting that ¢(v*(—h, x)) has support in € if & is small
enough depending on the support of ¢. Then (3.1) takes the form

1 . 1
~ 3 [ Q@Vu@) Vel (halde+ [ Q@ITu(e) - Vito) do
1 . 1
= [ oot (hado = [ bo) pla)da. (32)
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The right side of (3.2) becomes, after changing variables in the first integral there,
i [ b0 taela) 1 +0myde = [ e
= /Q (A"*b) (z) p(z) d:r—i—/ﬂb('y*(h,x))w(x)O(l) dx. (3.3)

The operation of translation along an integral curve does not generally commute with the

gradient. Let us compute V[p(v*(—h,x))]. Assuming as we may that ¢ € C(Q), we have

Ve (~ha)] = (TR0 () ™ (=)o (V) (o) 5" (<) ).
and for j =1,...,n,
a%j “(=h,z) = (a%jfﬁ(—h,x), ce a%j’y,*l(—h,x)).
Since (d/dt)yr (t,x) = v} (v*(t,x)), then as before,

—h
¥i (=h,x) = z; + / vy (v*(s,z))ds and
0

6 * —h * * 8 *
G ) = b+ [ (T (5,) - 5 o) s
Collecting estimates, we obtain the formula

V[@(W*(—hafﬂ))] = (VSD)(W*(—hJ)) + D*(_h7x)(v90)(’y*(_hv x))7 (3'4)

where D(t, ) is the transpose of the matrix D(t,z) in (2.7) and D* is its analogue with »*, V*
in place of ~, V.

Let us now further specify the support of ¢. Choose open sets ", Q" depending on €
with Q' cC Q" cc Q" cC Q and let ¢ be supported in Q”. Substituting (3.4) in the first
integral on the left side of (3.2) shows that the left side of (3.2) equals

—f/Q )Vu() - (Vo) (v (~h, ) da
_—/Q )Vu(z) - D*(=h, 2)(Ve)(v* (~h, z)) da
v /Q Q(z)Vu(z) - Vo(w) do

In the first integral here, let @ = v*(h, z) and use the fact that v*(—h,v*(h, z)) = z to rewrite

the expression as

1 * *
~ 7 [ QO (b )V (h,2) - Vel {1+ O(h)}
1 * *
-3 [ Q@)Vula) - D (- ha) (V)3 (o) do
[ Q)Vu(a) - Ve(w)d

Note that the domain of integration in the first term remains €2 if A is small due to the support
of ¢. The domains may also be replaced by Q" if h is small enough depending on Q", Q.
Furthermore, if h is small enough (depending on Q), then v* (s, z) = (s, z) for all x € Q" and
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all s with |s| < |h|. If h satisfies these restrictions, we can drop all asterisks above, obtaining
the equivalent expression

— 1 | (V@va) (.2 (VRGT ) - VG Vel {1+ O s
_E/Q(\/_VU) ¥(h, 2)) - (VQVe) (2){1 + O(h)} dz
-3 [ @@)Vula) - D(-h.2) (V)0 (~h ) do
1 [ (Vava) @) (Vave) e

Regrouping in the second and fourth terms and recalling (3.3), we may rewrite (3.2) as

I= /Q Ah(\/@VU) (2) - (\/§V¢) (2)dz
— /Q (\/@VU) (v(h,z2)) - (Ah\/a)(z {1 +O(h }dz
3 [ (Vavoe.) - (Vave) o) d:
_%/ (\/EVU) -V Q(z)D(—h, z) (V) (y(—h, z)) dz
Q
— {/ (A") (z) () dx+/ b(y(h,2))e(x)O(1)dz| =TT+ TT+ 1V + V, (3.5)
Q

Q

with constants independent of h and x in the O(h), O(1) factors if |h| < §(2, V).

Now let {u}2, be a sequence of smooth functions representing (u, Vu) in Wé’z (©), and
let  be a smooth cutoff function supported in Q" and equal to 1 on €. Choose p(z) =
n(z)2(A"uy)(z) for each k, with the understanding that & is small enough (depending on )
that y(z, h) € Q if n(x) # 0. Then

Ve(r) = n(x)* V(A" u) () + (AMuy) (z) 2n(z) V()
and

Vug(y(h,z))] = Vug(z)
h

= —{ Vug)(7(h, 2)) + D(h,2)(Vur) (v(h, 2)) — Vuy(z) }

= (A"Vug)(2) + 5 D(h, 2)(Vur) (y(h, 2)).

==

Combining these formulas gives
V() = ) (A" Vug) () + (a5 Db, ) (Vi) (11, 2))
+ (AP (z) 2n(2) V(). (3.6)
Hence,
(VAVe) (@) = ) V@) (A V) )
2V Q)3 D, ) (V) (3 (1 1)) + (M) ) 20(2) (V@) (2)
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We will use this to rewrite I. First note that
1 1
Q) (A"Vuy)(z) = 7 V@) (Vur) (y(h, 2)) — E(\/@Vu;c)(:r)

= A/ QVu) () — A*(VQ) () (Vur) (v(h, x))

by adding and subtracting +(v/QVuy)(v(h,x)). Substituting this identity into the first term
on the right in the previous formula for (/QV¢)(z) gives

(VQVe)(z) = n(z)*A" (/QVur) (x) )Ah(@)w)(wk)ww,x))
x)Q\/Q<x>5D<h7x><Vuk><v<h,x)) + (A ) (2) 2n(2) (VQVN) (z). (3.7)

Therefore, in addition to (3.5) we have the formula

1= [ AM(VQVa)(a) - e A" (Vi) (0)d
- [ ANV @) 1w A" (VQ) () (Vi) 3 (o) d
+ [ ANV @) nfe? mébm,x)(m)mh,x))dx
+ /Q A"(\/QVu) (x) - (AMug)(2) 2n(2) (vVQV) (x) d

=0 + I +13+14. (3.8)

Note that limy_. o I1 equals

/Q’Ah(\/@Vu)(x)fn(x)zdx > /Q/ |Ah(\/C§Vu) (x)|2dx (3.9)

since n = 1 on Q. Therefore, by the strategy outlined near the beginning of the section, it
will be enough to show that the limsup,_, ., of the absolute value of each of I, I3, I4 and II,
I, IV, V (with ¢ = n?A”uy in 11, III, IV, V) is dominated by terms that can be absorbed
into the integral on the left (or right) side of (3.9) or are bounded in h. Assumption (1.7) in
Theorem 1.1 helps to accomplish this. The hypothesis that /Q € C11(Q) is used heavily in
estimating II.

The remaining computations are lengthy and postponed until the next section.

4 The Remainder of the Proof of Theorem 1.1

This section is devoted to completing the proof of Theorem 1.1. It remains to derive the
estimates mentioned at the end of Section 3 for Iy, I3, Iy and II, III, TV, V. Recall that the
function ¢ in II, ITI, IV, V is always ¢ = n?A”uy where {us} is a sequence of Lipschitz functions
representing u in Wé’z (©2). The number of estimates is large, but some of the computations are
similar to one another. The assumption that /Q € C11(Q) is used to estimate II. We begin
with a fact about Lipschitz continuity in ¢ of integral curves (¢, x).
Lemma 4.1 Let V(z) be a Lipschitz vector field in Q and v(t,z) = v(V,t,x). If J is an
interval in R such that y(t,x) is defined for all t € J and |J|||V||Lip) < 3, then for all
ti,to € J,

(ks 2) = AL, )] < / Vit dt < 217 min [V (2(2, 2)). (4.1)
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Proof Let t1,to € J. The first inequality in (4.1) is true because
t1
s =) =| [Ty ena] < [ o)
For any tg € J,
/JIWV(W?))I dt < /J [V (v(t, ) = V(y(to, )| dt + || [V ((to, )]

< [ IV lhani (6. 2) =300, )] e+ 1711V 3 k0 )

< [ Wikipe [ V(@) dsdt+ 171V 10,2,
where we have used the first inequality in (4.1). The last sum equals

[TV Lipe) /J [V(v(s,2))lds + [TV (y(to, )],

and by subtracting its first summand from [ S IV(~v(t,z))| dt and using the assumption that
[T [V|Lip(o) < 1/2, we obtain

/J V(y(ta))| dt < 2001V (to, ).

Since to is an arbitrary point of J, the second inequality in (4.1) follows, completing the proof
of the lemma.
Next we list some corollaries of Lemma 4.1.

Lemma 4.2 Let V, y(t,z) and J be as in Lemma 4.1. If F : Q — R¥ is a Lipschitz vector in
RE, then for all ti,ty € J,

PO (t1,2)) = Fy(t2, )| < 1Flipie2l min [V (8,2)), (42)
= [ 1G]t < min [PO(E@) |+ 1Pl 2 min VOl @)

Proof Tt suffices to prove (4.2), since (4.3) then follows by integration. Since

|F(y(tr, 2)) = F(y(tz, 2)| < (1P l[uipey |y (tr, @) — (2, )],

(4.2) follows by applying (4.1).
We also record an obvious analogue of (4.2) for matrices: If M (z) is a Lipschitz matrix on

Q) mapping R” into R¥, and if V,~ and J are as in Lemma 4.1, then for all ¢;,t, € J and all
£ eR",

| M (y(tr, 2))€ = M(y(tz, 2))¢| < 1M iy 2l | min [V (v (2, )] €] (4.4)

Here, the notation ||M||rip(q) means for example the sum of the Lipschitz constants on € of
the row vectors of M.

A typical application of (4.4) that will help to estimate Iy is

(A" VQ) (@) Vur(1(h, 2)| < Cl[V/@| iy IV ()| Vura (b)), (45)
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with C' independent of x and small h. In fact,
1
(A"VQ) (@) Vui(y(h, 2))| = | { VRO’ 2)) = VQ@)} Vur(y(h,x))

< V@l © Z: V (k)| [Vur(y(h,a))| by (4.4) with € = y(h, ).

Therefore (see (3.8)),
L] < C/Q | A" (VQVu) (2) | n(@)? |V (v(h, 2))| [V ur(y(h, )| da
< Ce [ 1AM@Y@ n()da + O [ V) Vs () Pae)ds
Q €Ja

for any ¢ > 0. By picking € small, the first term in the last expression can be absorbed into
the integral on the right side of (3.9). The second term, after making the change of variables
= v(h,x), is bounded for small h by

c /Q V()2 Vg (2) 2dz, (4.6)

whose limsup,,_, . is at most (limsup,,_, ., Si)? with S;, as in (1.6).
Next let us estimate |I4|. By (3.8), with » fixed,

L <c / AR (V@Y ()] ()] | (AP ) ()] de
/}Ah (VQV) (x)*n(x)?dz + C = / |(AMuy) () dex.

1"

The first integral immediately above can be absorbed into the integral on the left in (3.9). The
second one is bounded by a multiple of ||\/_Vuk\|L2(Q by Lemma 2.1, and so its limsup,,_, .,
is at most C(limsup,,_, . Sk)%.
We now turn to estimating |I3|. Note that for any € > 0,
2

T3] < e/ﬂ |Ah(\/C§Vu) (:v)’277(:c)2dx+6% \/Q(:v)%f)(h,:v)(Vuk)('y(h,x)) dx. (4.7)

If € is small, the first integral on the right side can again be absorbed. In order to find a suitable

Qr

upper bound for the second integral on the right, we apply (2.4) to obtain

v(t, )

<2 ifzxeQ”and |t| < cyvanr,
8l‘i

and therefore (see (2.7))

lf)(h,:lc)

H - <C forze Q" and |h| < cyqr. (4.8)

op

In our estimates, constants that depend on Q” are determined ultimately by Q'. Write

V&3 D(h,2) (Vur) (1, 2))
- (VA ~ VBT 00T 1)

+ vV Q(v(h,x) D h, ) (V) (( =T + Ts. (4.9)

;_n
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Consider T, first. By (4.8),

112 < CIVRGE )|, | (Tus) (10, 2|

The contribution of T5 to the second integral in (4.7), namely its contribution to the integral

.

/ IVQGH |2, | (Vur) (v(h, 2)) [P de.

The change of variables z = y(h, z) shows that this is bounded (for small k) by

c /Q IVQ@)|2 | Vur(a) | da. (4.11)

Since ||/ Q(x)|lop < C Y, |we(x)], where {wy}, are the entries of /@, the limsup,,_, . of (4.11)
is at most C(limsup;,_, . Sk)*.

2

\/Q(:v)%ﬁ(h,:v)(Vuk)(v(h,x)) dz, (4.10)

is then at most

In order to estimate the part of (4.10) corresponding to 71, namely [, [T1|*dz, note by
(4.4) that

131 < CIV @iy 1V G () [ D(02) | 1(F) 0. )-

op

< IRV (y(h, )| [ (Vur) (v(h, )]
Therefore, by changing variables as usual, we obtain
/ T |?dx < C’hQ/ |V (2)]?|Vug () 2dz, (4.12)
1" Q

another estimate whose lim sup;,_, ., is bounded as above for small h.
It remains to estimate II, ITI, IV, V (see (3.5) in case ¢(z) = n(z)2(Aluy)(x). Except for
II, whose estimation will involve a novelty related to second differences, most of the arguments

needed will be similar to ones already used. We begin with III. By (3.5),

| < ¢ / (V@VW) (1(h,2)) - (VQV) (2)] =

Using formula (3.7) to rewrite (vQV)(2), it follows that if € > 0, then

[IT1| < C’%/Q ’(\/KZVU)(v(h,z))IQr](Z)de—l—CE/Q‘Ah(\/aVuk)(z)fn(z)de
o [Iavaamafaere) ([ 18t (z)(Vuk)(v(h,Z))ldef
+C</Q ‘(\/éVu)('y(h,z))‘2n(z)2dz>é(/” 2dz>

+ C(/Q |(vQVu) ((h, z))\Qn(z)de> : (/” [(Aug)(2) Qn(z)(\/@vn)(z>‘2dz>%

By the usual change of variables, the first term on the right side above is at most a constant

M

Q@212 () (3(h. )

times ||\/_Vu|\L2(Q) (limsupy_, ., Sk)?, and the limit as k — oo of the second term can be

absorbed as usual provided ¢ is chosen to be small. For each of the last three terms, we have
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already noted that the first factor is bounded by C lim sup;,_, ., Sk, and the corresponding second
factors have been estimated in the arguments for I, I3 and I4 respectively. This completes our
estimation of TII.

In order to estimate term IT in (3.5), apply A"\/Q to formula (3.6) to obtain

(A"VQ) (2)Ve(2) (Ahf Q)(2) Ahwk )(2)
22 (A"/Q)(2) 2)(Vug) (v(h, 2))
+ (Ahuk)<z)2n<z> (AW@)(zwn z

and in the first term on the right side of this equation, rewrite

1/Q((h,2) — VQ()
-5 Y Vug(z).

Combining equalities gives a representation of II as four integrals:
1= [ (V) (r(h2)) - n(a)?
« 1 ( VRO, Z})L) - \/Q(Z)) (Vur) (v(h, 2)) {1+ O(h)} dz

h
- [ (Vavema) ey (“Q”‘h’ "‘;) —V Q“))vuk(z) (140} ds
+/ (\/QVU) (v(h, 2) (Ahf) (Vuk)('y(h,z)) {1+0(h)}dz

/(\fVu) )+ (A" (2) (Ah\f) 2) {1+ O(h)} dz.

Of these four terms, we will consider only the first two since the sizes of the last two can
be estimated easily by using Holder’s inequality and earlier estimates. The first two are very
similar in form. The difficulty in estimating them is due to the presence of a combined power
h? in the denominators of their integrands. Each of the first two integrals generates two similar
integrals, one arising from the “1” in the factor 1+ O(h) and the other arising from the “O(h)”.
We may consider only the two integrals associated with 1’s since in the two associated with
O(h)’s, there is partial cancellation of the power h? in the denominator, again allowing us to

apply Holder’s inequality and earlier estimates. The two integrals with 1’s contribute
/Q (vVQVu) (v(h, 2)) - W)?% ( VRO, z})L) - \/Q(Z)> (Vur) (v(h, 2)) dz (4.13)
- [ (VaVu)a(h ) 0y ( VOU(h,2)) - “Q(z))wk(z) s, (4.14)
Q h h

These will be combined rather than considered separately. Leaving the second one as is, we

change variables z = y(—h, x), or equivalently = v(h, z), in (4.13) and rewrite it as

[ ava)e) -2y (LEEVEOER D g0 ) 14 00 e
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Here, we may as before ignore the O(h) part of the factor 1 + O(h). Similarly, we may replace
n(y(=h, 2))? in the integrand by n(z)? since n(y(—h,2))? — n(z)? = O(h). By combining the

result with (4.14), our task becomes to estimate the difference

/Q (\/@Vu)(z) '?7(2)2% ( VQ() — \/hQ(V(_ha Z)))Vuk(z) dz
- [ V@V h ) g (VQW“ GIRY Q(Z))Vuk(z) n

To this difference, we subtract and add the integral

/Q (VQVu)(2) ‘U(Z)Q% < VoL, Z})l) - \/Q(Z))Vuzc(z) dz

and then regroup terms to obtain

h2
[ AT (o (AT (115)

Of these two integrals, it is enough to estimate the first one since the other one can be estimated

by using an argument of €, ¢! type as usual (cf. the argument for I5).

The entries of the matrix

VO (h, 2)) + VQ( (=, 2)) — 2/Q(2)
h2

f(h) + f(=h) = 2f(0)
h? ’
where f(h) = f(h,2) =w(y(h, z)) and w is a generic entry of 1/@Q. We have

f(0)= "(t) dt,
/hf
o= [ s [ s

f(h) + f(=h) —2f(0) = /O[f(t £/t —h)] dt.

are second differences

(4.16)

Since

f1(t) = (Vw)(y(t, 2) - (1, 2) = (Vw) (v(t, 2)) - V(¢ 2)),
then

f1E) = f'(t = h) = (Vw)(y ( 2)) - V(2 )) (Vw)(y(t = h, 2)) - V(v(t = 1, 2))
= (Vw)(7(t,2)) - {V(2(t,2)) = V(7(t — h, 2)) }
+ {(Vw)( (t z)) — (Vw)( (t—h,2))} - V(y(t = h,2)).

Hence, by Lemma 4.2, since Vw is Lipschitz continuous and [¢| < |h| and h is small,

11(8) = £t = W) < [(Vw) (v (& )V | Lip(ey 217 ] [V (2)]

+ IVwliLip@ 2kl [V () V(v (t = R, 2))|
=0M) [V(2)|-
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Therefore,

‘f(h) T f(=h) - 2f(0)} 1

h
] we| [ 0=l

< % W O(h) [V(2)] < CIV(2)).

Applying Schwarz’s inequality to the first integral in (4.15) shows that its absolute value is at
most a constant times
N
dz)
1

||\/§VUHL2(Q) (/Q/, ‘2\/62(2) - \/Q(V( \/Q Vu (2)
< C|\/§Vu||L2(Q)</Q|V(z)2|Vuk(z)2dz> § (4.17)

h2
with C' depending on the sum of the Lipschitz constants of w, and Vw, (where {wy} are the
entries of v/Q) and on ||V (q). Estimate (4.17) is independent of h and its limsup,_, ., is
bounded by the right side of (1.8).
Next, let us derive an estimate for IV (see (3.5)) in case ¢(z) = n(z)? (A uy)(z). We will
be brief since similar techniques have appeared earlier. As usual (see (3.6)),

V(=) = ()% (V) (8 2)) = (=) T (2

1~
+1(2)* - D(h, 2) (Vur) (y(h, 2)) + (AMu) (2)20(2) Vn(2).
Setting z = y(—h, x) in this formula and noting that v(h,v(—h,z)) = = and that

(AMup) (v(=h, ) = (A "ug ) (2),

we obtain
(Vo) ((~h,2)) = n(3(~h,2))*3 Vg (@) = (3 (~h,))* 5 (Vi) ((—h, )
(=, )2 DA () Vg ()
(A ) ()20(3(—hy ) (Vi) (1=, 2).

Denoting M (z) = = /Q(x)D(~h,z)/h, we may then rewrite IV in terms of four
integrals:
/ (V@VU)(@) - M) (~h, ) - ) da
(VQVU)(@) - M@y (—h,2) P (Tun) (1 (=, ) da
%ﬁ(h,’y(—h,x))Vuk(:v) dz

Q
+ / (V@) (x) - M(x)(r(~h, 2))?
+ / (V@) (2) - (A" i) (@)20(7(—hy 2)) M (2)(Vn) (. )) de
=1V + IV +1V3 + 1V,

In order to estimate IVy, it will be enough to use the simple fact that the entries of M (x)

are bounded in z and h. Then Schwarz’s inequality implies that if h is small, IV, is at most a
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constant times

VOVl 20y A ur ]| 2y < ClIVQV Ul 2(0) |V QVuk| 202
where we have also applied Lemma 2.1. The limsup,,_, ., is at most C(limsup,,_, ., Sk)>.
Term IV3 can also be estimated easily by using Schwarz’s inequality and the sort of com-
putations used for I3 (see for example (4.10)).
The expression IV; + IV, will be estimated as a single entity. After setting z = v(—h,x) in

1V, we obtain

IV, + 1V, = / (VQVu)(z) (=h,2))2M (x)Vuy(z) dx
- E/Q(\/Z?VU)(VUMU))'W(w)QM(V(h,x))Vulg(a?){1+O(h)}da;.

The idea of the remaining computation is to combine the vector h~! (\/@Vu) (x) from IV, with
the vector —h~!(v/QVu)(v(h,z)) from IV, to obtain —A"(y/QVu)(x) and then to apply the
usual absorption technique involving €, e ~*. For this to work well, the matrix n(y(—h, z))*M ()
in IV, and the matrix 7(z)2M (y(h,z)) in IVy must be replaced by a coincident matrix, namely
n(z)2M (), and the integral that arises from the O(h) part of 1+O(h) in IV, must be estimated
separately. In fact, the integral that arises from the O(h) part of IV, is easy by itself because
the O(h) factor cancels h~! and then Schwarz’s inequality and arguments related to (4.10)
yield familiar size estimates; recall that M (z \/— D(—h,x)/h while the similar matrix
\/7 D(h,x)/h was considered earlier.

In order to replace both matrices n(y(—h,z))?>M (x) and n(x)?M (y(h,)) by the same ma-
trix n(x)?M (x), we subtract and add n(x)?M(x) to the matrices in both integrals. In the

integrand of the first integral, this produces the extra matrix

(n(y(=h, 2))* = n(x)*) M(z) = O(h) M (),
which due to cancellation of powers of h yields an integral that can again be estimated by
using arguments related to (4.10). On the other hand, in the integrand of the second integral,
we obtain the extra matrix n(z)2{M(y(h,r)) — M(x)}, whose operator norm is bounded by
a multiple of |h||V(z)| since the entries of M are Lipschitz continuous. Due to cancellation
of powers of h, the resulting integral is easy to estimate by Schwarz’s inequality and has the

familiar bound
ClIVQVul L2 @IV ] V| 2 (0)-
This completes our estimation of all four parts of IV.

To estimate the size of term V| recall from (3.5) that

—V:/Q(Ahb)(a?)go(x)dx—i-/b(v(h,x))ap(:ﬂ)O(l)dw.

Q
Since ¢ = n(x)?(A"uy)(x) with h small, Schwarz’s inequality yields
VI < Cl| A" 2o | A" ur]| L2 ) + ClIBl L2 (0 Ak || 20
< C”bHWé,?(Q)H\/@VUk;HLZ’(Q) (by Lemma 2.1).
The last expression has limsup,,_,., bounded by the right side of (1.8). This completes the

estimates needed to prove Theorem 1.1, and the theorem now follows by collecting them.
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