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Abstract The family of pairwise independently determined (PID) systems, i.e., those for which the
independent joining is the only self joining with independent 2-marginals, is a class of systems for
which the long standing open question by Rokhlin, of whether mixing implies mixing of all orders, has
a positive answer. We show that in the class of weakly mixing PID one finds a positive answer for
another long-standing open problem, whether the multiple ergodic averages
N −1
1 
f1 (T n x) · · · fd (T dn x),
N n=0

N → ∞,

almost surely converge.
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Introduction

Ergodic theory is the study of the qualitative properties of measure preserving transformations.
A quadruple (X, X , μ, T ) is a measure preserving transformation (m.p.t. for short) if (X, X , μ)
is a measurable space with μ(X) = 1, and T : X → X is an m.p.t. That is, for A ∈ X ,
T −1 A ∈ X and μ(T −1 A) = μ(A). In this paper, we assume that T is invertible and both T
and T −1 are m.p.t. We will use T f to denote the function f (T x), i.e., we treat T as a unitary
operator.
The family of pairwise independently determined (PID) systems, i.e., those for which the
independent joining is the only self-joining with independent 2-marginals, is a class of systems
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for which the long standing open question by Rokhlin, of whether mixing implies mixing of all
orders, has a positive answer. Our goal in this paper is to show that in the class of weakly
mixing PID one ﬁnds a positive answer for another long-standing open problem, whether the
multiple ergodic averages
N −1
1 
f1 (T n x) · · · fd (T dn x),
N n=0

N → ∞,

almost surely converge.
First let us recall some results related to the convergence of ergodic averages. The ﬁrst
pointwise ergodic theorem was proved by Birkhoﬀ in 1931 (see [9]). Following Furstenberg’s
beautiful work on the dynamical proof of Szemeradi’s theorem in 1977 [25], problems concerning
the convergence of multiple ergodic averages (in L2 norm or pointwisely) started attracting a
lot of attention in the literature.
The convergence of the averages
N −1
1 
f1 (T n x) · · · fd (T dn x)
N n=0

(1.1)

in L2 norm was established by Host and Kra [35] (see also Ziegler [63]). The convergence of
the multiple ergodic average for commuting transformations was obtained by Tao [57] using
the ﬁnitary ergodic method, see [6, 34] for more traditional ergodic proofs by Austin and Host
respectively. There is also a proof by Towsner using non-standard analysis (see [60]). The
convergence of multiple ergodic averages for nilpotent group actions was proved by Walsh [61].
The ﬁrst breakthrough on pointwise convergence of (1.1) for d > 1 is due to Bourgain,
who showed in [10] that for d = 2, for p, q ∈ N and for all f1 , f2 ∈ L∞ , the limit of
N −1
1
np
x)f2 (T nq x) exists a.s. In [13], Derrien and Lesigne showed that the probn=0 f1 (T
N
lem of the almost sure convergence of the multiple ergodic averages can be reduced to the case
when the m.p.t. has zero entropy. To be precise, let (X, X , μ, T ) be an m.p.t. Let d ∈ N, and
p1 (n), . . ., pd (n) ∈ Z[n]. The limit of the multiple ergodic average
N −1
1 
f1 (T p1 (n) x) · · · fd (T pd (n) x)
N n=0

exists a.s. for all f1 , . . . , fd in L∞ (X, X , μ) if and only if it exists a.s. for all f1 , . . . , fd in
L∞ (X, P, μ), where P is the Pinsker factor. In particular, the almost sure convergence of this
average holds for K-systems. Recall that an m.p.t. is a K-system if its Pinsker factor is trivial.
Recently, Huang et al. [37] showed the a.s. convergence of (1.1) for distal systems (see [36]
for a result concerning cubic averages). That is, let (X, X , μ, T ) be an ergodic measurable distal
system, and d ∈ N. Then for all f1 , . . . , fd ∈ L∞ (μ), the averages
N −1
1 
f1 (T n x) · · · fd (T dn x)
N n=0

converge μ a.s. Note that the Furstenberg–Zimmer structure theorem [26, 64, 65] states that
each ergodic system is a weakly mixing extension of an ergodic measurable distal system.
Thus, by the above theorem the question on the a.s. convergence of (1.1) can be reduced to
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the question of how to lift the convergence though weakly mixing extensions. We note that in
[20, 21] Donoso and Sun generalized the above result to commuting distal transformations.
Even for weakly mixing systems, the question on the a.s. convergence of (1.1) still remains open. A partial answer to this question was obtained by Assani [4], who showed that if
(X, X , μ, T ) is a weakly mixing system such that the restriction of X to its Pinsker algebra has
spectral type singular w.r.t Lebesgue measure, then the limit of (1.1) exists a.s.
Our main result in this paper can be stated as follows.
Main Theorem Let (X, X , μ, T ) be a weakly mixing and pairwise independently determined
(PID) m.p.t. Then for all d ∈ N and all f1 , . . . , fd ∈ L∞ (X, X , μ),



N −1
1 
a.s.
n
dn
f1 (T x) · · · fd (T x) −→ f1 dμ f2 dμ · · · fd dμ,
N n=0

N → ∞.

We also observe that for a generic m.p.t. (1.1) exists a.s.
The paper is organized as follows. In the next section we will discuss Rokhlin’s multifold
mixing question and pairwise independent joinings, and explain the connection of this problem
with our main theorem. In the ﬁnal section we will present the proof of the main theorem and
its corollaries. For example, by our theorem, one can show that the a.s. convergence of (1.1)
for ﬁnite-rank mixing m.p.t., simple systems etc.
There are excellent surveys on multiple recurrence and multiple ergodic averages, see for
example [8, 27–29, 43]. And for other progress on the a.s. convergence of multiple ergodic
averages, we refer to [1, 5, 11].
2

Rokhlin’s Multifold Mixing Question and Pairwise-independent Joinings

Somewhat surprisingly the problem of almost sure convergence is related to another well-known
and long-standing question in ergodic theory. We ﬁrst recall this problem and then discuss the
connection.
2.1 Rokhlin’s Multifold Mixing Question
Rokhlin deﬁned multifold mixing in [52] as follows: an m.p.t. T is said to be k-fold mixing if
for all A0 , A1 , . . ., Ak ∈ X ,
lim

n1 ,...,nk →∞

μ(A0 ∩ T −n1 A1 ∩ T −(n1 +n2 ) A2 ∩ · · · ∩ T −(n1 +···+nk ) Ak ) =

k


μ(Ai ).

i=0

Of course, k-fold mixing implies j-fold mixing if k ≥ j. Rokhlin asked in his article whether
the converse is true.
Question 2.1

Does mixing imply mixing of all orders?

This is one of the outstanding open questions in ergodic theory. Kalikow [38] proved that
Rokhlin’s problem is true for rank one systems. Host [33] showed that Rokhlin’s problem is
true for systems with spectral type singular w.r.t Lebesgue measure. Kalikow’s result was
extended by Ryzhikov [54] to ﬁnite rank systems. For more notable advances on this question,
see [7, 23, 33, 38, 46, 54, 55, 59]. And we refer to [17, 31, 44] for related counterexamples.
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2.2 Pairwise-Independent Joinings
The notion of joinings was introduced by Furstenberg [24]. Given an integer d ≥ 2, a joining of d

systems (Xi , Xi , μi , Ti ), 1 ≤ i ≤ d is a probability measure λ on the product space di=1 (Xi , Xi )
which is invariant under the transformation T1 × · · · × Td and whose marginal projection on
each Xi is equal to μi . When (X1 , X1 , μ1 , T1 ) = · · · = (Xd , Xd , μd , Td ), we then say that λ is a
d-fold self-joining.
The joining λ is pairwise independent if its projection on Xi × Xj is equal to μi × μj for all
i = j ∈ {1, 2, . . . , d}, and it is independent if it is the product measure. A system (X, X , μ, T )
is said to be pairwise independently determined (PID) if all pairwise independent d-self joinings
(d ≥ 3) are independent.
2.3 The Relation Between Rokhlin’s Question and the a.s. Convergence Question
It is well known that a negative answer to the following question would solve Rokhlin’s problem
(see [47, Section 10.8] as well as [18, Proposition 3.2]):
Question 2.2 ([15, p. 552], [19, Question 14])
mixing m.p.s. Is it PID?

Let (X, X , μ, T ) be a zero-entropy, weakly

As mentioned above the problem of the almost sure convergence of the multiple ergodic
averages may be reduced to the case when the m.p.t. has zero entropy. Thus according to our
Main Theorem (see above or Theorem 3.4), an aﬃrmative answer to Question 2.2 will prove the
almost sure convergence of multiple ergodic averages for weakly mixing systems. We would like
however to stress that we are not familiar with a direct method which relates the two questions.
2.4 Classes of PID Systems
Question 2.2 was solved by Host in the aﬃrmative for systems with spectral type singular w.r.t
Lebesgue measure and by Ryzhikov for ﬁnite rank systems (see below). However it is still open
for the general case. We also remark that no counter-example is known even removing the weak
mixing assumption.
Theorem 2.3 ([33]) (Host’s theorem on systems with spectral type singular w.r.t Lebesgue
measure1) ) Let (Xi , Xi , μi , Ti ), i = 1, 2, . . . , d be m.p.t, at least d − 2 of which are weakly mixing
with spectral type singular w.r.t Lebesgue measure. Then every pairwise independent joining of
T1 , . . . , Td is independent.
Note that we say the spectral type of an m.p.t is of singular if it is singular with respect to
Lebesgue measure on T.
Theorem 2.4 ([54]) (Ryzhikov’s Theorem for Finite Rank Systems) Let (X, X , μ, T ) be a
finite-rank mixing transformation. Then it is PID.
Theorem 2.3 and Theorem 2.4 are two important results on Question 2.2. In [58, Deﬁni2)
tion 7] Thouvenot, following Ratner, introduced the Rp (p = 0) property for certain continuous
R-ﬂows {Tt }t∈R . In her groundbreaking work Ratner showed that the classical horocycle ﬂows
on the unit tangent bundle of a surface of constant negative curvature with ﬁnite volume have
Rp for all p = 0 [48–50]. One can show that any discretization of the ﬂow {Tnt0 }n∈Z which is
1) These systems are also known as systems having purely singular spectrum.
2) Also referred to as the R-property (index p is implicit).
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ergodic and Rt0 is PID ([45, p. 8569]). Notice that Rt0 is ergodic for all t0 ∈ R except possibly
for a countable set ([12, Lemma 12.1]). Thus the classical horocycle ﬂows furnish examples of
PID ﬂows. One can prove similar theorems for weakenings of the R-property (see [23]).
Lemma 2.5
PID.

A weakly mixing 3) isometric extension Y = X ×σ K/H of a PID action is again

Proof As in [15, Lemma 5.2] which is stated for group extensions however the proof works
also for isometric extensions as uniqueness of Haar measure holds in this case too (see [2,
Theorem 2.3.5]).
Remark 2.6 ([51, Theorem 3]) For an arbitrary weakly mixing X and a compact group K,
it is a generic property for cocycles σ that X ×σ K is again weakly mixing.
2.5 JPID and PID
Definition 2.7 ([15, p. 449]) A family of m.p.t {(Xi , Xi , μi , Ti )}ni=1 is said to be jointly pairwise independently determined (JPID) if any joining on X1 × X2 × · · · Xn which is pairwise
independent must be independent.
Thus (X, X , μ, T ) is PID if for all n ∈ N, any n copies of X are JPID.
The notions of PID and JPID are connected by the following theorem.
Theorem 2.8 ([15, Proposition 5.3])
PID, then they are JPID.

Let {(Xi , Xi , μi , Ti )}ni=1 be m.p.t. If each of them is

The following lemma will be used in the next section. We note that if μ and ν are two
invariant measures, ν
μ and μ is ergodic, then ν = μ [62, Remarks of Theorem 6.10].
Lemma 2.9 Let (X, X , μ, T ) be a weakly mixing PID m.p.t. Then (X, X , μ, T n ) is PID for
any n ∈ Z with n = 0.
Proof Since (X, X , μ, T ) is PID if and only if (X, X , μ, T −1 ) is PID, we only need to consider
the case when n ≥ 2. Let λ be a T n -joining on X k which is pairwise independent. Deﬁne
T (k) = T × T × · · · × T (k-times)
(k)

and

ρ=

n−1
1  (k) i
(T∗ ) λ.
n i=0

(k)

As (T∗ )n λ = λ, (T∗ )ρ = ρ. Denote by πlr : X k → X the projection on the l-th and r-th
coordinates. We claim ρ is pairwise independent. Indeed,

 n−1
n−1
1  (k) i
1
(k)
(T∗ ) λ =
πlr ((T∗ )i λ) = μ × μ,
πlr ρ = πlr
n i=0
n i=0
as
(k)

−1
−1
(T∗ )i λ(πlr
(A)) = λ((T (k) )−i πlr
(A))
−1
= λ(πlr
((T × T )−i A))

= μ × μ((T × T )−i A) = μ × μ(A)
for A measurable in X ×X . As (X, B, μ, T ) is PID, we conclude ρ = μk . As (X, B, μ, T ) is weakly
(k) i
mixing, μk is (T (k) )n -ergodic. Combining this with the fact that μk = ρ = n1 Σn−1
i=0 (T∗ ) λ and
(k)
each (T∗ )i λ is (T (k) )n -invariant for i = 0, 1, . . . , k − 1, one has λ = μk .
3) This refers to Y and should not be confused with a relatively weakly mixing extension.
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3

Multiple Ergodic Averages for Weakly Mixing Systems

In this section we use the idea of models to prove pointwise convergence of multiple ergodic
averages for a weakly mixing PID m.p.t. We give some applications, particularly a simpler
proof for Assani’s result [4]. We start with a simple observation.
Lemma 3.1 Let (X, T ) be a uniquely ergodic weakly mixing system and n ∈ N. Then (X, T n )
is also uniquely ergodic.
Proof Let μ be the unique invariant measure of (X, T ) and ν be any T n -invariant measure.
Put μ = n1 (ν + T ν + · · · + T n−1 ν). Then T μ = μ which implies that μ = μ. That is, μ =
1
n−1
ν). As μ is also T n -ergodic, we conclude that μ = ν = T ν = · · · = T n−1 ν
n (ν + T ν + · · · + T
which proves the lemma.
Let (X, T ) be a topological dynamical system. We denote by M (X) the collection of all
probability Borel measures on X.
Lemma 3.2 Let (X, X , μ, T ) be a weakly mixing m.p.t. and (X, T ) be uniquely ergodic. Then
for all i = j ∈ N, there is some Xi,j ∈ X such that μ(Xi,j ) = 1 and for all x ∈ Xi,j
N −1
1  i
(T × T j )n δ(x,x) −→ μ × μ, N → ∞,
N n=0

weakly in M (X × X).

Proof
By Bourgain’s double recurrence theorem [10], for all f, g ∈ C(X), the limit of
N −1
1
in
jn
n=0 f (T x)g(T x) exists a.s. Since (X, X , μ, T ) is weakly mixing,
N


N −1
1 
L2
f (T in x)g(T jn x) =
f dμ gdμ.
lim
N →∞ N
n=0
Hence one has that for all f, g ∈ C(X),


N −1
1 
a.s.
in
jn
lim
f (T x)g(T x) =
f dμ gdμ.
N →∞ N
n=0

(3.1)

Let {fk }∞
k=1 be a countable dense subset of C(X). According to (3.1), for any pair (k1 , k2 ),
(k1 ,k2 )
∈ X such that μ(X (k1 ,k2 ) ) = 1 and for all x ∈ X (k1 ,k2 ) ,
there is X


N −1
1 
in
jn
lim
fk1 (T x)fk2 (T x)= fk1 dμ fk2 dμ.
N →∞ N
n=0
Put Xi,j =

∞
k1 ,k2 =1

X (k1 ,k2 ) . We have that μ(Xi,j ) = 1 and for each x ∈ Xi,j ,


N −1
1 
in
jn
lim
fk1 (T x)fk2 (T x)= fk1 dμ fk2 dμ
N →∞ N
n=0

holds for all k1 , k2 ∈ N. By approximating given continuous functions by members of {fk }∞
k=1 ,
one has that for each x ∈ Xi,j ,
N −1
N −1
1  i
1 
(T × T j )n δ(x,x) (f ⊗ g) = lim
f (T in x)g(T jn x)
N →∞ N
N →∞ N
n=0

 n=0
= f dμ gdμ = μ × μ(f ⊗ g)

lim

holds for all f, g ∈ C(X). The proof is completed.

Convergence of the Multiple Ergodic Average for PID Systems

Let {ai }, {bi } ⊆ C. Then

Lemma 3.3
k

i=1

85

ai −

k


bi = (a1 − b1 )b2 · · · bk + a1 (a2 − b2 )b3 · · · bk + a1 · · · ak−1 (ak − bk ).

i=1

Thus, if |ai |, |bi | ≤ 1 for all 1 ≤ i ≤ k, then |
are ready to show the main result.

k
i=1

ai −

k

i=1 bi |

≤

k
i=1

(3.2)

|ai − bi |. Now we

Theorem 3.4 Let (X, X , μ, T ) be a weakly mixing PID m.p.t. Then for all d and all f1 , . . . , fd
∈ L∞ (X, X , μ),



N −1
1 
a.s.
f1 (T n x) · · · fd (T dn x) −→ f1 dμ f2 dμ · · · fd dμ, N → ∞.
N n=0
Proof One may assume that (X, T ) is a unique ergodic system by the Jewett–Krieger Theorem [30, Chapter 15.8]. Let σd = T × T 2 × · · · × T d .
Claim

There is some X0 ∈ X with μ(X0 ) = 1 such that for each x ∈ X0 , one has that
N −1
1  n
σ δx −→ μd , N → ∞,
N n=0 d

weakly in M (X d ),

where x = (x, x, . . . , x) ∈ X d and μd = μ × · · · × μ.
Indeed, by Lemma 3.2, for each 1 ≤ i < j ≤ d, there is some Xi,j ∈ X such that for all
x ∈ Xi,j ,
N −1
1  i
(T × T j )n δ(x,x) −→ μ × μ, N → ∞,
N n=0

weakly in M (X × X).

N −1
Let X0 = 1≤i<j≤d Xi,j . For any x ∈ X0 , we will show that N1 n=0 σdn δx −→ μd , N → ∞,
weakly in M (X d ).
N −1
For this aim let λ be any weak limit point of the sequence { N1 n=0 σdn δx } in M (X n ). To
show the claim, it suﬃces to prove λ = μd .
First we show that λ is a joining for {(X, T i )}di=1 . For j ∈ {1, . . . , d}, let ν be the projection
 −1 jn
δx }. By
measure of λ on (X, T j ). Then ν is the weak limit point of the sequence { N1 N
n=0 T
j
Lemma 3.1, (X, T , μ) is uniquely ergodic, and hence
N −1
1  jn
T δx = μ,
N →∞ N
n=0

lim

weakly in M (X).

In particular, ν = μ. Thus λ is a joining for {(X, X , μ, T i )}di=1 .
Now we show that λ is pairwise independent. For all i = j ∈ {1, 2, . . . , d}, the projection on
N −1
(X, T i ) × (X, T j ) is a weak limit point of the sequence { N1 n=0 (T i × T j )n δ(x,x) } in M (X 2 ),
denoted by η. Since x ∈ X0 ⊂ Xi,j , one has that
N −1
1  i
(T × T j )n δ(x,x) −→ μ × μ, N → ∞,
N n=0

weakly in M (X × X).

In particular, η = μ × μ.
Since (X, X , μ, T ) is PID m.p.t., so is (X, X , μ, T i ) for any i ∈ N by Lemma 2.9. Moreover,
{(X, X , μ, T i )}di=1 are JPID by Theorem 2.8. Thus λ = μd . The proof of Claim is completed.
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To conclude we have shown for all x ∈ X0 , and for all g1 , . . . , gd ∈ C(X),



N −1
1 
g1 (T n x)g2 (T 2n x) · · · gd (T dn x) −→ g1 dμ g2 dμ · · · gd dμ
N n=0

(3.3)

as N → ∞.
Now we show that for all f1 , . . . , fd ∈ L∞ (μ),
N −1
1 
f1 (T n x)f2 (T 2n x) · · · fd (T dn x)
N n=0

converges μ a.s.
Without loss of generality, we assume that for all 1 ≤ j ≤ d, fj ∞ ≤ 1. For any δ > 0,
choose continuous functions gj such that gj ∞ ≤ 1 and fj − gj L1 < δ/d for all 1 ≤ j ≤ d.
Since fj ∞ ≤ 1, gj ∞ ≤ 1 and fj − gj L1 < δ/d, by Lemma 3.3, we have
N −1 d
N −1 d
N −1
d
d

1 
1 
1  
fj (T jn x) −
gj (T jn x) =
fj (T jn x) −
gj (T jn x)
N n=0 j=1
N n=0 j=1
N n=0 j=1
j=1

≤

d

j=1

N −1
1 
|fj (T jn x) − gj (T jn x)| ,
N n=0

and




d

gj dμ −

d

d

X d j=1

d

X d j=1

fj dμ

≤

d 

j=1

|gj − fj |dμ ≤ δ.

(3.4)

X

Now by Birkhoﬀ pointwise ergodic theorem we have that for all 1 ≤ j ≤ d,
N −1
1 
|fj (T jn x) − gj (T jn x)| −→ fj − gj
N n=0

L1

< δ/d,

N →∞

for μ a.s. Hence there is some X δ ∈ X such that μ(X δ ) = 1 and for all x ∈ X δ ,
N −1 d
N −1 d
1 
1 
fj (T jn x) −
gj (T jn x)
N n=0 j=1
N n=0 j=1

≤

d

j=1

N −1
d

1 
|fj (T jn x) − gj (T jn x)| −→
fj − gj
N n=0
j=1

L1

< δ,

N → ∞.

(3.5)

Now let x ∈ X0 ∩ X δ . By (3.3),


N −1 d
1 
jn
gj (T x) →
N n=0 j=1
Xd

d

gj dμd ,

N → ∞.

j=1

So combining (3.4)–(3.6), we have for all x ∈ X0 ∩ X δ , when N is large enough,

N −1 d
d
1 
fj (T jn x) −
fj dμ(d) < 3δ.
N n=0 j=1
X d j=1
Let X  = X0 ∩

∞
n=1

1

X n . Then μ(X  ) = 1 and for all x ∈ X  ,


N −1
1 
f1 (T n x)f2 (T 2n x) · · · fd (T dn x) =
f1 dμ · · ·
fd dμ.
lim
N →∞ N
X
X
n=0

(3.6)
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The proof is completed.
As applications of Theorem 3.4, one has the following corollaries.
Corollary 3.5 Let (X, X , μ, T ) be a finite-rank mixing m.p.t. Then for all d ∈ N and all
f1 , . . . , fd ∈ L∞ (X, X , μ),



N −1
1 
a.s.
n
dn
f1 (T x) · · · fd (T x) −→ f1 dμ f2 dμ · · · fd dμ,
N n=0
Proof

N → ∞.

This follows from Theorems 2.4 and 3.4.

Corollary 3.6 Let (X, X , μ, T ) be a simple 4) m.p.t. Then for all d ∈ N and all f1 , . . . , fd ∈
N −1
L∞ (X, X , μ), N1 n=0 f1 (T n x) · · · fd (T dn x) converges a.s. Moreover, if (X, T ) is in addition
weakly mixing, then



N −1
1 
a.s.
f1 (T n x) · · · fd (T dn x) −→ f1 dμ f2 dμ · · · fd dμ,
N n=0

N → ∞.

Proof Since each simple system is either a group system [15, Theorem 2.3], or a weakly mixing
PID system (the argument before [15, Lemma 5.2]), the result follows.
Corollary 3.7 ([4]) Let (X, X , μ, T ) be a weakly mixing m.p.t. such that the restriction of T
to its Pinsker algebra has spectral type singular w.r.t. Lebesgue measure. Then for all d ∈ N
and all f1 , . . . , fd ∈ L∞ (X, X , μ),



N −1
1 
a.s.
n
dn
f1 (T x) · · · fd (T x) −→ f1 dμ f2 dμ · · · fd dμ,
N n=0
Proof

N → ∞.

This follows from Derrien and Lesigne’s theorem [13], Theorem 2.3 and Theorem 3.4.

Corollary 3.8 Let Y = (X ×σ K/H, X , μ, T ) be a weakly mixing isometric extension of a
N −1
PID action and f1 , . . . , fd ∈ L∞ (μ). Then N1 n=0 f1 (T n y) · · · fd (T dn y) converge a.s.
Proof

This follows from Theorems 2.5 and 3.4.

Theorem 3.9 Let (X, X , μ, T ) be a weakly mixing measurable distal extension of a PID system
N
and f1 , . . . , fd ∈ L∞ (μ). Then N1 n=1 f1 (T n x) · · · fd (T dn x) converge a.s.
Proof By the Furstenberg–Zimmer structure theorem, X is an I-extension over its PID factor
(see [30, Theorem 10.8]). We now proceed as in [37, Subsection 6.3] by Corollary 3.8.
Corollary 3.10

In the following classes, (1.1) exists a.s..

• Weakly mixing measurable distal extension of a transformation with spectral type singular
w.r.t Lebesgue measure.
• Weakly mixing measurable distal extension of a transformation with the R-property.
• Weakly mixing measurable distal extension of finite rank mixing.
Proof This follows from Corollary 3.8, Theorem 2.3, the discussion after Question 2.2 and
Theorem 2.4.
4) (X, X , µ, T ) is simple if the centralizer of the action T is a group and for every k each ergodic k-joining of X
is a POOD (a product of oﬀ-diagonals). See [15] for more details.

Gutman Y. et al.

88

It seems the following has not been observed although this is straightforward from the fact
that an m.p.t. with spectral type singular w.r.t. Lebesgue measure is generic with respect to
the weak topology as deﬁned in [32]:
Theorem 3.11

For a generic m.p.t. (1.1) exists a.s.

Proof It is well known that the class of weakly mixing transformations is generic [32]. A rigid
transformation is always of singular type ([30, Theorem 5.11]). Finally rigid transformations
are generic (see [40, p. 86 Subsection 3] or the proof of [3, Theorem 3.1]).
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K-systèmes. (French) [A pointwise polynomial ergodic theorem for exact endomorphisms and K-systems].
Ann. Inst. H. Poincar Probab. Statist., 32, 765–778 (1996)
[14] del Junco, A. : On minimal self-joinings in topological dynamics. Ergod. Th. Dynam. Sys., 7, 211–227
(1987)
[15] del Junco, A., Rudolph, D.: On ergodic actions whose self-joinings are graphs. Ergod. Th. Dynam. Sys., 7,
531–557 (1987)
[16] del Junco, A., Lemanczyk, M.: Generic spectral properties of measure-preserving maps and applications.
Proc. Amer. Math. Soc., 115, 725-C736 (1992)
[17] Dekking, F. M., Keane, M.: Mixing properties of substitutions. Z. Wahrschein-lichkeitstheorie und Verw.
Gebiete, 42, 23–33 (1978)
[18] de la Rue, T.: 2-fold and 3-fold mixing: why 3-dot-type counterexamples are impossible in one dimension.
Bull. Braz. Math. Soc. (N.S.), 37, 503–521 (2006)
[19] de la Rue, T.: Joinings in ergodic theory. Mathematics of Complexity and Dynamical Systems. Vols. 1–3,
Springer, New York, 2012, 796–809
[20] Donoso, S., Sun, W.: Pointwise multiple averages for systems with two commuting transformations.
arXiv:1509.09310 [math.DS], Ergod. Th. and Dynam. Sys., to appear
[21] Donoso, S., Sun, W.: Pointwise convergence of some multiple ergodic averages, arXiv:1609.02529
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[26] Furstenberg, H.: Recurrence in ergodic theory and combinatorial number theory. M. B. Porter Lectures.
Princeton University Press, Princeton, N. J., 1981
[27] Furstenberg, H.: Nonconventional ergodic averages. The legacy of John von Neumann (Hempstead, NY,
1988), 43–56, Proc. Sympos. Pure Math., 50, Amer. Math. Soc., Providence, RI, 1990
[28] Furstenberg, H.: Recurrent ergodic structures and Ramsey theory. Proceedings of the International
Congress of Mathematicians, Vol. I, II (Kyoto, 1990), 1057–1069, Math. Soc. Japan, Tokyo, 1991
[29] Furstenberg, H.: Ergodic Structures and Non-Conventional Ergodic Theorems. Proceedings of the International Congress of Mathematicians. Volume I, 286–298, Hindustan Book Agency, New Delhi, 2010
[30] Glasner, E.: Ergodic theory via joinings. Mathematical Surveys and Monographs, 101. American Mathematical Society, Providence, RI, 2003
[31] Goodman, S., Marcus, B.: Topological mixing of higher degrees. Proc. Amer. Math. Soc., 72, 561–565
(1978)
[32] Halmos, P. R.: Lectures on ergodic theory. Publications of the Mathematical Society of Japan, no. 3, The
Mathematical Society of Japan, 1956
[33] Host, B.: Mixing of all orders and pairwise independent joinings of systems with singular spectrum. Israel
J. Math., 76, 289–298 (1991)
[34] Host, B.: Ergodic seminorms for commuting transformations and applications. Studia Math., 195, 31–49
(2009)
[35] Host, B., Kra, B.: Nonconventional averages and nilmanifolds. Ann. of Math., 161, 398–488 (2005)
[36] Huang, W., Shao, S., Ye, X.: Strictly ergodic models and pointwise ergodic averages for cubes. Comm.
Math. Stat., 5, 93–122 (2017)
[37] Huang, W., Shao, S., Ye, X.: Pointwise convergence of multiple ergodic averages and strictly ergodic
models. arXiv:1406.5930, J. Analyse Math., to appear
[38] Kalikow, S.: Twofold mixing implies threefold mixing for rank one transformations. Ergod. Th. and Dynam.
Sys., 4, 237–59 (1984)
[39] Katok, A.: Combinatorial constructions in ergodic theory and dynamics. University Lecture Series, 30
American Mathematical Society, Providence, RI, 2003
[40] Katok, A., Stepin, A.: Approximations in ergodic theory. Russian Mathematical Surveys, 22, 77–102 (1967)
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